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Tj- ; Abstract 

^ ! We present a systematic study of the constraints coming from target- 

space duality and the associated duality anomaly cancellations on orbifold- 
; like 4-D strings. A prominent role is played by the modular weights of the 

massless fields. We present a general classification of all possible modular 
weights of massless fields in Abelian orbifolds. We show that the can- 
Ph! cellation of modular anomalies strongly constrains the massless fermion 

content of the theory, in close analogy with the standard ABJ anomalies. 
We emphasize the validity of this approach not only for (2,2) orbifolds but 
for (0,2) models with and without Wilson lines. As an application one can 
show that one cannot build a Z3 or Z7 orbifold whose massless charged 
sector with respect to the (level one) gauge group SU(3) x SU{2) x £7(1) 
is that of the minimal supersymmetric standard model, since any such 
model would necessarily have duality anomalies. A general study of those 
constraints for Abelian orbifolds is presented. Duality anomalies are also 
related to the computation of string threshold corrections to gauge cou- 
pling constants. We present an analysis of the possible relevance of those 
threshold corrections to the computation of sin 2 9w and ct3 for all Abelian 
orbifolds. Some particular minimal scenarios, namely those based on all 
Za? orbifolds except Zq and Z 8 , are ruled out on the basis of these con- 
straints. Finally we discuss the explicit dependence of the SUSY-breaking 
soft terms on the modular weights of the physical fields. We find that those 
terms are in general not universal. In some cases specific relationships for 
gaugino and scalar masses are found. 
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1. Introduction 



Four-dimensional superstrings [1] constitute at the moment the best candidates 
for unification of all interactions. In trying to use these theories to describe the 
observed physics, it is of fundamental importance to obtain the effective low-energy 
field theory of each given 4-D string. Much progress along these lines has been achieved 
in the last few years and there is at present a good knowledge of the form of the 
effective Lagrangian for the case of orbifold-like 4-D strings. 

One of the general features found is that the kinetic term of the matter fields is not 
canonical but presents a cx-model structure, which depends on the moduli fields of the 
orbifold variety. Furthermore, the effective Lagrangian is in general invariant under 
certain duality symmetries acting on the moduli space. In many cases, in particular 
orbifolds, these symmetries always contain the subgroup SL(2, Z) 3 [2], i.e. three 
copies of the modular group acting on the moduli of each of the three orbifold complex 
planes. The required target space modular invariance provides a connection between 
the effective Lagrangian and the theory of modular functions [3]. The effective tree- 
level Lagrangian of orbifolds has been found to be invariant under these symmetries 
and the Yukawa couplings to transform as modular functions of definite modular 
weight [4,5]. The same invariance has been checked in one-loop string computations 
[6,7] and indeed it is expected on general grounds that these modular symmetries will 
survive non-perturbative effects and that they may be broken only spontaneously, but 
not explicitly [8] . This is important because it implies constraints on the possible form 
of non-perturbative string effects, as remarked in refs. [3,8,9,10]. In the present paper 
we analyze several different contexts in which the SL{2, Z) 3 symmetry of orbifold 4-D 
strings constrains the low-energy effective field theory. The crucial ingredient in these 
constraints is the cancellation of "duality anomalies" . 

The structure of the paper is as follows. In section two, after discussing the 
duality-invariant structure of the effective low-energy Lagrangian of 4-D strings, we 
concentrate on the orbifold case. We classify all the possible modular weights for 
matter fields in arbitrary Abelian Zn [11,12] and Zn x Zm [13] orbifolds. We also 
show how the available ranges for modular weights depend on the Kac-Moody level 
of the gauge algebras. 

In section three we discuss the constraints on the massless particle content of 4-D 
strings coming from cancellation of duality anomalies [14-17]. Indeed, the 5X(2,Z) 3 
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duality transformations induce chiral U(l) rotations on the massless fermions. The 
associated current has to be anomaly- free in order to preserve the duality symme- 
tries. The anomaly may be cancelled in two possible ways: either through a sort of 
Green-Schwarz mechanism [18] or through contributions coming from the superheavy 
string spectrum. In some particular cases only the first mechanism is available and the 
particular universal (gauge group independent) structure of the Green-Schwarz mech- 
anism forces the massless fermion content of the theory to be remarkably constrained. 
This would have very limited applications if it were only true for the few existing 
Abelian (2,2) orbifolds. In fact we emphasize that it also applies to the millions of 
possible (0,2) Abelian orbifolds one can construct with or without Wilson lines. This 
we have explicitely checked in a large number of such (0,2) models. We present a 
general study of such constraints in Abelian orbifolds. As an example of the power 
of the duality anomaly cancellation conditions we are able to show that one cannot 
possibly build a Z3 or Z7 4-D string whose massless charged sector with respect to 
577(3) x 577(2) x U(l) is that of the minimal supersymmetric standard model. We also 
discuss constraints from the cancellation of mixed duality-gravitational anomalies. 

The mixed duality-gauge anomaly is related through supersymmetry to one-loop 
moduli-dependent corrections [19,6] to the gauge coupling constants of the effective 
field theory. In many models the one-loop threshold effects, coming from massive 
string modes, provide an additional moduli dependence to the running of the gauge 
coupling constants. In section four we study the possible role of these threshold 
effects in rendering values for sin 2 9w and 013 consistent with the experimental results. 
Indeed, if we restrict ourselves to the minimal particle content of the supersymmetric 
standard model, we find that there is no possible (0,2) Z N orbifold apart from Z 6 , Z' 8 
yielding the correct values for those quantities unless, the gauge groups are realized at 
higher Kac-Moody level. On the other hand, agreement can be obtained in Z N x Z M 
orbifolds (even with lowest Kac-Moody levels) . This is a generalization of the analysis 
of ref. [20] to include the three orbifold complex planes and making use of the general 
classification of modular weights presented in section two. For completeness we also 
discuss the case in which one modifies the minimal particle content of the standard 
model to include extra massless multiplets. 

In section five we discuss some constraints on SUSY-breaking soft terms from 
duality-invariant actions. We do not in fact rely on any specific assumption about how 
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supersymmetry is broken but simply assume that the auxiliary fields of the marginal 
deformation fields (the dilaton S and the three complex untwisted moduli Tj) are 
non-vanishing and provide the seed for SUSY-breaking. This is indeed what happens 
in all supersymmetry-breaking scenarios discussed up to now. If this is the case one 
can write down certain constraints amongst the physical gaugino masses depending 
on the modular weights of the massless fields. Similar though more model-dependent 
expressions may be found for the soft SUSY-breaking scalar masses. One important 
point is the lack of universality of these soft terms, unlike the usual assumptions made 
in the standard minimal low-energy supersymmetry models. Some final comments and 
conclusions are left for the sixth section. 

2. Duality-Invariant Effective Field Theory 

2.1. General super symmetric 4-D string compactications 

Let us define the basic string degrees of freedom which appear in the low-energy 
effective N = 1 supergravity action [21] of four-dimensional strings and which are 
needed for our discussion. In the following we will consider compactifications of the 
ten-dimensional heterotic string [22] on a six-dimensional (smooth) Calabi-Yau space 
[23] or on a six-dimensional orbifold. (We will in general not assume that we deal 
with (2,2) compactifications.) First, there are moduli fields which describe the allowed 
deformations of a given background. In the context of the underlying conformal field 
theory the moduli are the coupling constants related to the truly marginal operators 
which can be added to the two-dimensional world-sheet action without destroying 
the conformal invariance of the theory. These moduli parameters correspond in the 
effective low-energy theory to chiral matter fields Mi(x) (we will denote both the chiral 
superfields and their scalar components by the same symbols) with completely flat 
potential, i.e. with undetermined vacuum expectation values (vev's) (at least if one 
disregards possible non-perturbative (infinite genus) string effects). The moduli take 
their values in the so-called moduli space Ai, Mi e M, whose metric is determined 
by the two-point function of the associated marginal operators. Locally, the moduli 
space is a smooth Kahler manifold. However it is very important to realize that there 
may exist discrete reparametrizations of the form 

M^M^Mi) (2.1) 
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which change the geometry of the internal space but leave the massive string spec- 
trum and the underlying conformal field theory invariant. These are the famous target 
space duality transformations [24,2,25,26] which form the discrete duality group V. 
The duality invariance is an entirely stringy phenomenon and is not present in the 
field theory compactifications. The most prominent example is the R — > 1/R dual- 
ity symmetry [24] for closed string compactification on a circle originating from the 
existence of topologically stable winding states. The target space duality invariance 
implies that certain points in M. have to be identified, which means that the moduli 
space of the conformal field theory is a Kahler orbifold and not a smooth Kahler 
manifold: 7Vf C FT = -M field theory/r. 

In addition to the moduli fields there are in general chiral matter fields A a (x) 
with non-flat potential such that (A a ) = 0. Furthermore there are N = 1 vector 
supermultiplets with gauge bosons corresponding to a gauge group G = Y\G a . In 
general, both the matter fields A m as well as the moduli fields Mi are gauge non- 
singlets and build representations ^R^, ^2R l a respectively. It follows that at least 
some part of the gauge group is generically spontaneously broken by the moduli vev's. 
Only at special points in the moduli space the unbroken part of the gauge group gets 
enhanced. (Very often these points are given by orbifold points of Ai.) Finally there is 
the gravitational supermultiplet together with the chiral dilaton-axion field commonly 
denoted by S. This field can be equivalently described by a linear supermultiplet. 

Let us now describe the string tree-level low-energy action involving the mod- 
uli fields. Since all S'-matrix elements computed in the underlying conformal field 
theory are invariant under the discrete target space duality transformations, it fol- 
lows that also the corresponding effective action of the moduli fields must be duality 
invariant. (For recent summaries on these issues see refs. [27-29].) The kinetic en- 
ergy of the moduli is given by a 4-dimensional supersymmetric non linear a-model 
with the moduli space M. as target space and is therefore determined by the Kahler 
potential K(M i ,'M i ) leading to the Kahler metric K ij (M i ,'M i ) = dK / dMidM f 
£kin = Kijd^Mid^M j. Under the discrete target space duality transformations, 
being just discrete symmetries of AA, the Kahler metric transforms as 

K^M^Mi) - fik(Mi)~ 1 J jl (M~i)~ 1 Kki(Mi,M~i) (2.2) 
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where the holomorphic Jacobian is given as fik(Mi) = fjp-. On the other hand, the 
Kahler potential is in general not invariant under the discrete duality transformations. 
They will act as (U(l)) Kahler transformations on K, i.e. 

K(Mi,Mi) - K{Mi,~Mi) + g(Mi) + g(Mi), (2.3) 

where g(Mi) is a holomorphic function of the moduli fields. 

The kinetic energy of the matter fields is in general a moduli dependent function. 
Expanding around the classical vacuum (A a ) = 0, the Kahler potential for the matter 
fields in lowest order in A a looks like: 

^matter = ^matter M^Ap + ... (2.4) 

The discrete reparametrizations (2.1) in general induce a change of the matter Kahler 
potential K a p(Mi, Mi) of the form 

K af3 - h ctl (Mi)~ 1 hps(M~i)~ 1 K 1 s- (2.5) 

It follows that also the matter fields possess a non-trivial transformation behaviour 
under V transformations in order to obtain duality-invariant kinetic energy terms for 
the matter fields: 

A a -> h a p{Mi)A p . (2.6) 

Some of the moduli are related to the geometrical and topological data of the six- 
dimensional complex space. Specifically, these moduli fields split into two classes: first 
there are the moduli T; (i = 1, . . . , /i(i,i)), which are associated with the deformations 
of the Kahler class. Second, we deal with deformations of the complex structure of the 
compact space parametrized by moduli U m , (m = 1, . . . , h^,i))- (^(1,1) an d ^(2,1) are 
the non-trivial Hodge numbers of the compact space.) The moduli space factorizes 
into two distinct subspaces: M. = M.t®M-u- Thus the moduli Kahler potential splits 
into the sum K = K(T i7 Tj) + K(U m , U m ). It follows that the change of the Kahler 
potential under duality transformations is given by two different holomorphic func- 
tions g(Ti) and g(U m ). There is however an important difference between the discrete 
reparametrizations of the T and U fields. Specifically, the discrete transformations 
acting on the complex structure moduli Ui do not change at all the geometry of the 
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underlying compact space; these invariances are of a field-theoretical nature. On the 
other hand, the moduli fields Tj are related with the size of the internal compact 
space. The existence of possible discrete reparametrization invariances in the T-field 
sector is an entirely stringy phenomenon and can be viewed as the generalization of 
the R — > 1/R duality symmetry. Thus the stringy duality group is given by Ft and 
■Mcft = -Mfieid theory/rr- Considering only the overall modulus T whose real part 
determines the overall size of the compact space, the Kahler potential for T becomes 
in the large radius limit [30] 

K = — 31og(T + T). (2.7) 

However, for small values of the T-fields, formula (2.7) gets in general corrected by 
world-sheet instanton effects. These corrections determine the explicit form of the 
duality group IV . 

Considering the particular case of (2,2) compactifications, the matter fields are 
in a one-to-one correspondence with the moduli. Specifically, there exist fo(i,i) matter 
fields Ai in the 27 representation and ^(2,1) matter fields A m in the 27 representation 
of Eq. (Note that some of these "matter" fields may actually have a completely flat 
potential such that they are also (Wilson) line moduli whose non-zero vev's break the 
gauge group Eq and destroy the (2,2) superconformal symmetry, see the discussion 
in section 3.6.) For the compactifications on a smooth Calabi-Yau space, the Kahler 
metric of these matter fields is related to the moduli metric in a special way [31]: 

^matter _ -(K(Ti)-K(U m )) /3 K ( T 7p n 

J^ij — e j\ lJ (± l ,± l ), 

K matter _ -(K(U m )-K(Ti))/3 K (TT TT ) ^ ' ' 

It follows that the matter metrics transform under target space duality transforma- 
tions with a combined reparametrization and Kahler transformation, i.e. 

T T : K™^ - le-^/^f^T,)- 1 !^)- 1 ^^ (2.9) 

and likewise for K™^ teT . The transformation eq.(2.9) implies that the matter fields 
transform like 

r T : A % ^e^^f lJ {T l )A r (2.10) 
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Also note that in the large radius limit both types of matter metrics in eq.(2.8) display 
a particularly simple, universal dependence on the overall T-field: 



K 



matter 



T + T 



(2.11) 



(2.8)html:jA name="subsection.2.2"£2.2.(2.8)html:j/A£ (0,2) Abelian orbifolds 

In the following we will discuss symmetric Zm and Zm x orbifolds. This 
discussion will be in a certain sense also more general than the above Calabi-Yau 
considerations since, it will not be restricted to the case of (2,2) orbifolds. All 
our formulas will be valid also for (0,2) models with non-standard gauge embed- 
dings and/or with the presence of Wilson lines. These compactifications include 
some examples that are of phenomenological interest since the gauge group can be 
different from E e x E 8 . In fact, there exist models with standard model gauge 
group G = SU(3) x SU(2) x U(l) and three generations plus additional vector- 
like matter fields [(2.8)html:jA href="#reference.32"^32(2.8)html:i/A^-(2.8)html:jA 
href=" preference. 34"^34(2.8)html:j/A^]. Every orbifold of this type has three com- 
plex planes, and each orbifold twist 9 = (61,62, 63) acts either simultaneously on two 
or all three planes. In the following we will consider the dependence of the effective 
action on the untwisted moduli fields. The twisted moduli fields, whose non-trivial 
vev's blow up the orbifold singularities leading to a smooth Calabi-Yau space, will be 
treated as matter fields. Furthermore, the twisted moduli are generically only present 
for the unique (2,2) embedding of each orbifold. The untwisted moduli split into T 
and U fields. All orbifolds have fyi,i) = 3, 5 or 9 respectively, where the three generic 
Tj-fields (i = 1, 2, 3) describe the size of the three complex planes. The possible 
additional fields correspond to the relative shape of the three planes. On the other 
hand, the number of [/"-fields, with h( 2 ,i) = 0, 1 or 3, depends on whether the orbifold 
twists are compatible with the freedom of varying the complex structure of the three 
subtori. Specifically, there are six different cases of untwisted orbifold moduli spaces 
[(2.8)html:jA href="#reference.35"i35(2.8)html:j/A^]: 



(1) /i ( i,i)= 3, fy 2il) = 0,l,3: M = 



~SU(1,1)~ 


3 


'SU(1,1)~ 


U(l) 


8 

T 


U(l) 



l (2,l) 



(2.12) 



u 
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(2) = 5, fc (2)1) = 0,l: 

SU(1,1) 



M = 



SU(2, 2) 



(3) 



U(l) 

h(i,i) = 9, h( 2 ,i) = : M = 



SU(2) x SU(2) x U(l) 
SU(3,3) 





S[/(l,l)" 


- T 





5t/(3) x 5t/(3) x U{1) 
The corresponding Kahler potentials are given by 

3 ^(2,1) 



(2,1) 

(2.13) 
(2.14) 



(1) 
(2) 



h(i,i)=S, /i (2 , 1) =0,l,3: K = -^log(T i + T i )- ^ log(C/ m + t/ r 



fyi.i) = 5, h (2 ,2) = 0, 1 : 

K = — log(Ti + Ti) - log det(T ij + Ty 



m=l 



l (2,l) 



(2.15) 



(3) 



]T log(t/ m + £/ 

m=l 

h { i,i)=9, ^(2,1) =0: K=-logdet(Ty +Ty). 



(2.16) 
(2.17) 



(In order to keep contact with the previous notation we define Ti = Tu (i = 2, 3 for 
case (2) and i = 1, 2, 3 for case (3).) For the overall modulus field, which is obtained 
by identifying the three generic T-fields, i.e. T = 7\ = T 2 = T 3 , and setting Tjj = 
7^ j), the above formulae exactly reproduce K = — 31og(T + T) (cf. eq.(2.7)). The 
correspondence with the Abelian orbifolds is the following 



(1) tyl.l) = 3 ' ^(2,1) = 
h( 2 ,l) = 

h(2,i) = 



Z 2 x Z 2 

^8, Z4 X Z 2 , Zg X Z 2 , Zi 2 

Z7, Zg, Z' 12 , Zg x Z 2 , Z 3 x Z 3 , 



Z 6 x Z 3 , Z 4 x Z 4 , Z 6 x Z 6 



(2.18) 



(2) 


h(i,i) 


= 5, 


h( 2 ,i) 


= 1 : 


z 4 








h(2,i) 


= : 


z 6 


(3) 


h(i,i) 


= 9, 


h( 2 ,i) 


= : 


z 3 



The corresponding [(2.8)html:jA href=" preference. 13" ^13(2. 8)html:j/A^] twist vec- 

— * 

tors 6>, which define each of the above Z N or Z N x Z M orbifold, are shown in the the 
second column of table 1. Note that a necessary (but not sufficient) condition for the 
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presence of the complex structure modulus U m is that the corresponding m th complex 
plane is left unrotated by at least one of the orbifold twists. An analogous statement 
is also true for the T-fields: for case (2) ((3)), the two (three) complex planes which 
are associated with the four (nine) moduli fields Ty are rotated by all of the orb- 
ifold twists. Notice that the above classification of orbifold moduli also applies to the 
Zjv x Zm orbifolds in the presence of discrete torsion described in ref.[(2.8)html:jA 
href="#reference.l3"^13(2.8)html:i/A^]. 

The target space duality groups corresponding to the above six different cases 
have the following form (up to possible permutation symmetries): 

(1) V,i) = 3 > Vi) =0,1,3: T=[SL(2,Z)f T x [5L(2,Z)]^ (2 ' 1) . (2.19) 

(2) V,i) = 5, fy 2l i) = 0,l: F=[SU(2,2,Z)xSL(2,Z)] T x[SL(2,Z)} h u ^ 1) . 

(2.20) 

(3) /i ( i,i)= 9, h {2A) = 0: F = SU(3,3,Z). (2.21) 

Considering only the three generic 'diagonal' fields Tj with Kahler potential as shown 
in eq.(2.15), the target space duality group (up to permutations) is simply given by 
the product of three modular groups, Ft = [SL(2, Z)] 3 , acting on the three moduli 

as 

with cii, hi, Ci, di e Z and aidi — biCi = 1. 

The Kahler potential of the matter fields A a (which include, as already men- 
tioned, also possibly existing twisted moduli) has a particularly simple dependence 
on the three generic moduli Ti* and on the three model-dependent fields U m : 

3 h (2,l) 

if matter =8 afi ]l(T i + T i )< J] (U m + U m ) l «A a A p (2.23) 

i=l m=l 

Thus each matter field A a is characterized by 3 + ^(2,1) rational numbers which 
we will collect for convenience into two vectors n a = (n^,n^,,n 3 ) and l a = I™ 



* We omit to discuss the dependence on the off-diagonal moduli since these fields will not enter 
the threshold contributions discussed in the next sections. Alternatively, we can regard the 
fields Tij (i ^ j) also as matter fields since the Kahler potentials (2.16) and (2.17) expanded 
to lowest order in these fields have the form of eq.(2.24). 
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(m = 1, . . . , ^(2,i))- Invariance of the matter kinetic energies under the target space 
modular group V = [SL(2, Z)]yX [SL(2, Z)]^ 2 ' 1 ' requires the following transformation 
behaviour of the matter fields (up to constant matrices): 

3 h (2,l) 

A a > A a \]Uc;T, ■ <!;)< H(ic m U m + d m ) 1 ^. (2.24) 

i=l m=l 

Therefore, in the following, we will call the numbers n % a and I™ the modular weights of 
the matter fields. Comparing with the formulae for smooth (2,2) Calabi-Yau spaces 
we recognize that the orbifold Kahler potential eq.(2.23) is in general different from 
eqs.(2.8),(2.11) using the moduli Kahler potential eq.(2.15). However for the special 
e*j (e*j are the three unit vectors) the orbifold matter kinetic energy 
reproduces the large radius limit of Calabi-Yau spaces eq.(2.11) upon identification 
of the three T-fields, i.e. T = T\ = T 2 = T 3 . As we will discuss now, this situation is 
exactly true for the untwisted matter fields. 

Let us now discuss what the modular weight vectors n a and l a are in the case of 
Abelian orbifolds. One can immediately derive those from eq.(2.23) and the knowl- 
edge of the corresponding metrics of the matter fields (the pure gauge and gravi- 
tational fields are modular invariant). The metric of untwisted and twisted mat- 
ter fields were computed (to first order in the matter fields) in ref.[(2.8)html:jA 
href="#reference.31"^31(2.8)html:j/A^]. For the untwisted matter fields associated 
to the j complex plane, ^4 untw = Aj, one finds 

n) = -<yj, I) = -8). (2.25) 

States in the twisted sectors are created by the twist fields <Jq(z, z) which are associated 
with an order N twist vector 6 = (^W 3 ) (0 < 0* < 1, £)f =1 9 i = 1) acting non- 
trivially on two or all three complex planes. The knowledge of the metric of these 
fields gives the result for the modular weights 

< = -(i - e i ), r a = -(i - e% #Vo 

(2.26) 

< = Z* = 0, 9' = 0. 

In the twisted sector of the theory, there are also massless states, which correspond 
to oscillators acting on the twisted vacuum. This is the case of the twisted moduli 
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in (2,2) orbifolds, but there are also plenty of other twisted oscillator states both in 
(2,2) and (0,2) models without that geometric interpretation. The associated vertices 
contain excited twisted fields re i (z, z) obtained upon operator product expansions of 
ground state twist operators with 



z -m-l+0i 



(2.27) 



d z T = *L- t 

A generic twisted oscillator state will then look like 

3 3 

nnnn«^)^ \*>®\p+s> 

i j mi rij 

where 5 is the shift vector which describes the embedding of the twist into the Eg x Eg 
lattice. In ref.[(2.8)html:jA href="#reference.31"^31(2.8)html:j/A^] the metric for a 
particular type of oscillator states (the twisted moduli associated to the reparation of 
the orbifold singularities in (2,2) models) was computed. Examining those results and 
using symmetry arguments, one sees that an oscillator a 1 changes the modular weight 
in the i th direction of the twisted ground state by —1. (An explicit check of this is 
given in ref.[(2.8)html:jA href="#reference.36"^36(2.8)html:j/A^].) This is the case 
irrespective of the order m of the oscillator. Due to the commutation relationships 
[® l m +9i i a n-6j] = dijdm,-n(in + 0i) one concludes that the a oscillators contribute to 
the modular weight with the opposite sign. The modular weights of oscillator states 
thus are 

< = -(i-^+ P W), i* a = -(i-0i + q i- p % ffi^o 

(2.29) 

< = ii = o, r = o 

where p l = J2 m p m , <f = Yin In coun t the number of oscillators of each chirality. 

Sometimes one is specially interested in the dependence on the overall modulus 
T = T\ = T2 = T3. The overall modular weights of matter fields with respect to this 
diagonal SL(2, Z) modular group take particularly simple forms. It is just given by 
n = Y^i=i nl an d from the previous equations one obtains 

n = — 1 (untwisted) 

n = — 2 — p + q (twisted states with all planes rotated) (2.30) 
n = —1 — p + q (twisted states with only two planes rotated) 
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where p = Y Ji p\q = E;^- 

An important question is what the possible modular weights of the massless 
particles are. From the above discussion, it is clear that this depends on the number 
of oscillators present in our state. Important constraints on the maximal possible 
oscillator number can be obtained from the mass formula for the (left-moving) twisted 
states: 

M 2 

— ^ = N osc + h KM + E -1. (2.31) 

o 

Here N osc is the fractional oscillator number and E is the ground state energy of the 
twist field ag given as 

£o = X^M(l-M), (2-32) 



i=l 



where v = Vi is a slightly redefined iV th order twist vector with < \v l \ < 1, Ei=i v% = 
0. Finally Iikm is the contribution to the conformal dimension of the matter fields 
from the left-moving (gauge) Eg x Eg part. In the case of level one non-Abelian gauge 
groups one can represent this sector in terms of a shifted lattice and one just has 

h KM = (P + <S) 2 /2. (2.33) 

More generally one can construct Abelian orbifolds with higher Kac-Moody level al- 
gebras [(2.8)html:jA href="#reference.37"^37(2.8)html:j/A^]. In the general case one 
can write down a general expression for Yikm in terms of the Casimirs and levels of 
the relevant gauge Kac-Moody algebras involved. For a primary field in the repre- 
sentation R of the gauge group G associated to a Kac-Moody algebra of level k, one 
has Hkm = c^of+k ' where C(R) (C(G)) is the quadratic Casimir of the R (adjoint) 
representation of G; C(R) is related to T(R) by C(^)dim(^) = T(R)dimG (T(R) is 
the index of the representation R). In general there will be a gauge group with several 
group factors G a (as in the phenomenologically relevant case SU(3) x SU(2) x U(l)) 
and each massless particle transforming like (RijR^, ■■■■) will have the conformal di- 
mension 
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Notice that the contribution of the KM sector to the conformal dimension de- 
creases as the level increases. On the contrary it increases as the dimension of the rep- 
resentation increases, which causes the absence of massless particles with large dimen- 
sionality in string models [(2.8)html:jA href="#reference.37"i37(2.8)html:i/A^,(2.8)html:jA 
href=" preference. 38"^,38(2.8)html:j/A^]. In phenomenological applications, the con- 
formal dimension of the standard model particles will be relevant. For convenience of 
the reader we show in table 2 the separate contribution of each group to the standard 
model particles KM conformal dimension. We also show the total contribution to 
Hkm fc> r two choices of KM levels consistent with GUT-like gauge coupling boundary 
conditions at the string scale. They correspond to level one and level two non-Abelian 
gauge factors. Notice that in the presence of extra gauge interactions (such as e.g. 
extra £/(l)'s) there would be additional contributions to Hkm and hence the results 
in the table give a lower bound to the KM conformal dimension of each standard 
model particle. 

For a massless state with M 2 = it now follows that the maximum oscillator 
number is constrained by 

iV sc < (1 - E -h KM ). (2.35) 

Since for a given orbifold the value of Eq is fixed, it is clear that the smaller Ukm 
is, the bigger N osc will be and hence the range of allowed modular weights. In fact, 
in the KM level one case, the smallest possible contribution to Hkm is obtained in 
orbifolds for P = in which case Iikm = ($) 2 /2. In any given Abelian orbifold one 
can check that the shortest (world-sheet) modular invariant shift possible has length 
(8) 2 = (v) 2 . Thus irrespective of the gauge group one finds 

a^osc < (i - IyI n)- ( 2 - 36 ) 

i 

In a twisted sector of order N the largest possible (negative) value for the modular 
weight will be obtained when there are p oscillators with the lowest possible 1/N 
fractional modding. This number p of oscillators will thus be bounded by 

p < N(l - \ N)- ( 2 - 37 ) 
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From this equation one can obtain the maximum number p max of oscillators ot l present 
in any possible twisted sector of Abelian orbifolds. This is shown in the second column 
of table 3. The maximum possible number (/ max of a 1 oscillators is more constrained. 
Such oscillators only appear in complex planes i in which 9i > 1/2. Only in this case 
their contribution to the mass formula may allow for massless particles. The third 
column of table 3 shows q max , for the different twisted sectors. For the Z 3 orbifold 
sectors no such type of oscillators are present in the massless sector. For the rest of the 
twists with three rotated planes, one a oscillator may be present along one particular 
complex plane in each case. Each of these oscillators contribute to the mass formula 
l — which is always bigger than 1/N. This is why only one such oscillator might 
be present for such type of twists. For twisted sectors with one unrotated plane (last 
four cases in the table), a oscillators are generically present in one of the rotated 
planes. Of course the above arguments only guarantee that the relevant state can be 
massless, but this does not mean that it is present in the massless spectrum since it 
has also to survive the generalized GSO projection of the orbifold symmetries. 

From the second and third columns of table 3 and eq.(2.29) one can obtain the 
allowed range for the modular weights in each of the three complex dimensions. In the 
case of the overall modulus T, using eq.(2.30), it is easy to find the allowed values of the 
modular weights. This is shown in the fourth column of table 3. The extreme values 
for n assume the minimum value for Iikm = Yli \ v i\ 2 /^ corresponding to level one non- 
Abelian factors. Notice that each particular Zjv or Zn x Zm orbifold is constructed 
by joining in a (world-sheet) modular invariant way all the twists generated by the 
vectors in the first column of table 3. We thus observe that the modular weights with 
respect to the diagonal modulus vary in an absolute range — 9 < n < 4 for Abelian 
Z N and Z N x Z M orbifolds. 

If the value of the Kac-Moody conformal dimension of the relevant massless 
field is larger than the minimal value discussed above, the range of possible modular 
weights is substantially decreased. Consider in particular the phenomenologically 
interesting case of possible massless states describing the standard model fields. For 
the standard choice of the KM levels, 3/5 A; i = k^ = k^ = 1, we know we have 
Iikm = 3/5 for Q, U, E-type states and Kkm = 2/5 for L, D, if, if-type states (see 
table 2). Plugging those values in eq.(2.35), one obtains the much more restricted 
values for the diagonal modulus modular weights shown in columns 5 and 6 of table 
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3. We thus see that in Abelian orbifolds the range of overall modular weights is given 
by —3 < riQ y u,E < and —5 < n L D H jj < 1 (for 3/5/ci = h,2 = k% = 1). All these 
constraints on the modular weights will play an important role in the discussions in 
the following sections. 

(2.8)html:jA name="section.3"^3.(2.8)html:;/A^ Cancellation of Target 
Space Modular Anomalies 

(2.8)html:jA name=" subsection. 3.1" ^3. 1.(2. 8)html:j/Ai ; The a-model and duality 
anomalies in general 4~D strings 

In this section we will discuss some loop effects in four-dimensional string theo- 
ries. As is well known, gauge and gravitational anomalies destroy the quantum consis- 
tency of "ordinary" field theories. The requirement of the absence of these anomalies 
puts severe constraints on the form of the massless fermionic spectrum of the theory. 
Considering four-dimensional string theories, gauge and gravitational anomalies must 
also be absent, leading to the same constraints on the massless particle spectrum as 
compared to field theory. They come as an automatic consequence of world-sheet 
modular invariance [(2.8)html:jA href="#reference.39"^39(2.8)html:j/A^]. An im- 
portant exception of this statement is given by an anomalous U(l) gauge group. 
In fact, the anomalous triangle diagram with external U(l) gauge bosons can arise 
in string theory. The quantum consistency of the theory is still preserved since 
the U(l) anomaly can be cancelled by the so-called Green-Schwarz mechanism 
[(2.8)html:jA href="#reference.l8"^18(2.8)html:j/A^]. This mechanism leads to a 
mixing [(2.8)html:jA href="#reference.40"^40(2.8)html:j/A^] between the U(l) gauge 
boson and the axion (dilaton) field, such that the anomalous variation of the field the- 
ory triangle diagram is cancelled by a proper change of the dilaton field under U(l) 
transformations. 

Apart from these gauge anomalies, super symmetric non-linear a-models exhibit 
another type of anomalies, namely the so-called cr-model anomalies [(2.8)html:jA 
href="#reference.41"^41(2.8)html:j/A^]. These involve, similar to the local gauge 
anomalies, triangle diagrams where some of the external fields are given by composite 
cr-model connections, which do not correspond to dynamical, propagating degrees of 
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freedom. In the string case, the continuous a-model symmetries are generically broken 
by explicit couplings among the massless fields, e.g. by the tree-level Yukawa couplings 
or by one-loop effects. This explicit breakdown originates from the influence of the 
heavy string spectrum, which is not invariant under continuous changes of the moduli. 
Therefore possible cr-model anomalies would not constrain the field theory spectrum 
further. However, in string theory, the massive spectrum, i.e. momentum together 
with 'winding' states, is invariant under the discrete duality transformations. In fact, 
the a-model anomalies due to the massless fermions also induce a non-invariance of 
the corresponding one-loop effective action under target space duality transforma- 
tions. These "stringy" duality anomalies must be cancelled since one knows that the 
duality symmetries are preserved in any order of string perturbation theory. This is 
in sharp contrast with normal field theory. As we will discuss in the following, for 
a broad class of string compactifications the requirement of the absence of the tar- 
get space duality anomalies provides new constraints on the massless string spectrum 
which were not discussed before. In particular, we will show that for some orbifold 
compactifications the minimal supersymmetric standard model spectrum would lead 
to target space duality anomalies and has therefore to be discarded. 

Specifically, consider the supersymmetric non-linear cr-model of the moduli Mi 
with target space M. coupled to gauge and matter fields as described in the last 
section. At the one-loop level one encounters two types of triangle diagrams with 
two gauge bosons of the gauge group G = Y\ G a * and several moduli fields as ex- 
ternal legs and massless gauginos and charged (fermionic) matter fields circulating 
inside the loop: first the coupling of the moduli to the charged fields contains a 
part described by a composite Kahler connection, proportional to K(M i7 Mi), which 
couples to gauginos as well as to chiral matter fields A^ a . (We assume here that 
the moduli are gauge singlets.) It reflects the (tree-level) invariance of the theory 
under Kahler transformations. Second, there is a coupling between the moduli and 
the A^ a, s by the composite curvature (holonomy) connection. It originates from 
the non-canonical kinetic energy K™ tter , eq.(2.4), of the matter fields A^ a ■ These 
two anomalous contributions lead, together with the tree-level part which is given 

* Analogously, there is also a mixed gravitational, cr-model anomaly with two gravitons and one 
composite Kahler/curvature connection as external legs (see section 3.5). 
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by the dilaton/axion field S, to the following (non-local) one-loop effective supersym- 
metric Lagrangian [(2.8)html:jA href="#reference.l4"^14(2.8)html:i/A^,(2.8)html:jA 
href="#reference.l5"il5(2.8)html:i/Ai,(2.8)html:iAhref="#reference.l6"il6(2.8)html:i/Ai] 

^ = Hj ^W a W a \s- _Lln _1 ppr)P^[C7(G a ) 

- _\1 (3 - 1} 

" E T ^)] K ^ M ^ + 2 E T ^«) lQ S det ^a/3 tter ( M - M i) + h ' C - 

— a — a 

Here W a is the Yang-Mills superfield. Writing this expression in components it leads 
to a non-local contribution to the CP odd term F^F^ and to a local contribution 
to the gauge coupling constant. Now, it is easy to recognize that C n \, eq.(3.1), is 
not invariant under Kahler transformation and reparametrizations which act non- 
trivially on K{M i ,Jd i ), jitter respec tively. These non-invariances correspond to 
the two types of a-model anomalies, namely to the Kahler and curvature (holonomy) 
anomalies. It follows that £ n i is not invariant under the discrete target space duality 
transformations (2.1) since these act exactly as combined Kahler transformations 
and reparametrizations. Using eqs.(2.3) and (2.5), the change of C n \ under duality 
transformations is given by the local expression 

W = -^E / d 2 e\w a w a ([c(G a ) -J2nRa)]gm 

a J ^ R 



+ 2j2T(R a )logdeth^(M l )-A + h.c. 

R ' 



(3.2) 



It follows that the duality anomalies must be cancelled by adding new terms to 
the effective action. Specifically, there are two ways of cancelling these anomalies. 
In the first one [(2.8)html:jA href="#reference.l4"^14(2.8)html:i/A^],[(2.8)html:jA 
href=" preference. 16" ^16(2. 8)html:j/A^] the S field may transform non-trivially un- 
der duality transformations and cancels in this way some part or all of the duality 
non-invariance of eq.(3.1). This non-trivial transformation behaviour of the S-field is 
completely analogous to the Green-Schwarz mechanism for the case of an anomalous 
U(l) gauge group and leads to a mixing between the moduli and the S-field in the 
S'-field Kahler potential. Note that the Green-Schwarz mechanism does not only 
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cancel the anomalies associated to the discrete duality transformations, but in fact 
all continuous cr-model anomalies. 

Second, the duality anomaly can be cancelled by adding to eq.(3.1) a term, which 
is related to the gauge group dependent threshold contribution due to the massive 
string states. The threshold contributions are given in terms of automorphic func- 
tions of the target space duality group, which have the required transformation be- 
haviour only under the discrete duality transformations but not under all continuous 
reparametrizations and Kahler transformations. The explicit breaking of the contin- 
uous cr-model symmetries by the one-loop threshold effects follows from the fact that 
the heavy mass spectrum is not invariant under continuous reparametrizations of the 
moduli, but only under the discrete duality transformations. 

It is clear that the part of the cr-model anomaly which is removed by the Green- 
Schwarz mechanism is universal, i.e. gauge group independent. (Otherwise one would 
need for each gauge group factor an extra S'-field which is not present in string theory.) 
Thus for cases where there are no moduli dependent threshold contributions from the 
massive states the cr-model anomaly coefficients have to coincide for each gauge group 
factor G a . As we will discuss, this particularly interesting constraint arises for many 
orbifold compactifications where the moduli dependent threshold contributions are 
absent because of an enlarged N = A supersymmetry in the massive spectrum. 

Before we come to the orbifolds, let us briefly evaluate the one-loop effective 
action eq.(3.1) for the case of (2,2) Calabi-Yau compactifications with gauge group 
G = E 8 xE 6 and with fyi,i) matter fields in the 27 representation of E 6 and with /i(2,i) 
matter fields in the 27 representation. Using the special relation between the Kahler 
metrics of the moduli and matter fields as given in eq.(2.8) one derives [(2.8)html:jA 



href="#reference.42"i42(2.8)html:i/Ai,(2.8)html:iAhref="#reference.43"^43(2.8)html:i/Ai] 




16tt 2 16 



1 1 



□ 1 VVVV[[C{G a ) 



a 




(3.3) 



+ [C(G a ) - T(E)(^ (2 ,i) + lh {1A) )]K(U m , U m ) 



+ 2T(R)[\ogdetK ij (T i ,T i ) + \ogdetK mn (U rn ,U rn )] \ + h.c, 
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with a = E 6 ,E 8 and C(E 8 ) = 30, C(E 6 ) = 12, T(27) = T(27) = 3. Looking for 
example at the Kahler class moduli T one observes that one needs in principle two 
types of automorphic functions: the first one provides a duality invariant completion 
of K(Ti,Ti), where the second one is needed to cancel the duality anomaly com- 
ing from logdet X^-(Tj, Tj). These two types of automorphic functions can be, at 
least formally, constructed for all (2,2) Calabi-Yau compactifications [(2.8)html:jA 
href=" #reference.43" £43(2.8)html: j/A^] . 

It is interesting to compute eq.(3.3) for the large radius limit of Calabi-Yau 
compactifications as a function of the overall T-field. With eq.(2.7) one obtains 

C ^ = llJ d 2 9- A W a W a \s- j^^fT'vVVVbalogiT + +h.c. (3.4) 

We see that in the large radius limit the a-model anomaly is simply determined by 
the N = 1 /^-function coefficient b a = -3C(G a ) + (/i (M) + /i (2 ,i)) T (^)- 

(2.8)html:jA name= ,: 'subsection. 3.2" '$3. 2.(2. 8)html:j/A^ Target space modular anom- 
alies in Abelian orbifolds 

Let us now return to the (2,2) and (0,2) orbifold compactifications. We will 
discuss the cr-model anomalies as a function of the diagonal moduli T (= 1, 2, 3) and 
U m (m = 1, . . . , h/2,i))- Recall that the Kahler metrics of the matter fields, eq.(2.23), 
are determined in terms of the modular weights n l a and I™. The moduli Kahler 
potential is given in eq.(2.15). Then the tree-level Yang-Mills action, together with 
one-loop anomalous contribution of the massless gauginos and matter fermions, takes 
the form 



= V / d 2 e\w a w a \s — ^r— □ 1 vwv 

^ J 4 \ 16tt 2 16 

3 h (2,l) -, . 

K log(T + T i )+Yl C log(U m + U m ) I + h.c. 

i=l m=l J ' 



The anomaly coefficients b'\ and V™ look like [(2.8)html:jA href="#reference.l5"^15(2.8)html:i/A^],[(2, 
href="#reference.l4"^14(2.8)html:i/A^] 

b' l a = -C(G a ) + J2T(Ra)(l + 2n R ), 

R 

(3.6) 

C = -C(Ga) + £TGRj(l + 2Z£). 

R 
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Considering only the dependence on the overall modulus T = T\ = T2 = T3 the 
Yang-Mills Lagrangian becomes 

£nl = E/ d 2 e- A W a W a ^S- -L^n _1 PPPP6;iog(T + T)| +h.c. (3.7) 
with 

6^ = -3C(G„) + X;r(fi )(3 + 2nfl o ) 

(3.8) 

= 6 a + 2^T(E a )(l + n« a ), 
i? 

— a 

where n is the overall modular weight: n = X)i=i nl - We recognize that the gauginos 
and matter fields with = — 1 contribute to the anomaly coefficient b' a in the same 
way as to the N = 1 /3-function coefficient 6 a . Since all untwisted matter fields have 
n = — 1, the whole untwisted sector of orbifolds behaves like the large radius limit 
of Calabi-Yau compactifications (cf. eq.(3.4)). The deviation from this behaviour is 
caused by the twisted orbifold fields, whereas world-sheet instantons modify the large 
radius limit for the case of Calabi-Yau compactifications. 

As already mentioned, the target space modular anomaly, i.e. the non- 
invariance of the gauge coupling constant eq.(3.5) under Tj — > f^b^rr , can be 
cancelled in two different ways. First, the universal, gauge group independent 
part of the anomaly is removed by the Green-Schwarz mechanism, which induces 
the following modular transformation behaviour of the dilaton field [(2.8)html:jA 
href="#reference.l4"^14(2.8)html:j/A^]: 

k 3 

S - S - J2 6 hs log^T, + di). (3.9) 
i=i 

For modular transformations on the U m fields, an analogous transformation holds. 
Here the S l GS is the gauge group independent "Green-Schwarz" coefficient which de- 
scribes the one- loop mixing between the field and the modulus Tj. 

Second, the target space modular anomaly can be alternatively cancelled by a 
local contribution to £ n i, which is related to the one- loop threshold contributions to 
the gauge coupling constants. This topic will be discussed in section 4. Let us here 
consider the interesting case provided by those orbifold compactifications for which 
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a modulus Tj does not appear in the threshold corrections. This exactly happens 
[(2.8)html:jA href="#reference.6"^6(2.8)html:i/A^ if all orbifold twists 9, which de- 
fine a particular or x Zjy orbifold, act non-trivially on the corresponding i th 
complex plane of the underlying six-torus, i.e. 9i 7^ for all 9. Then the contribution 
from the momentum and winding states with Tj dependent masses to the threshold 
corrections is absent, since this part of the massive spectrum is organized into N = 4 
supermultiplets. Furthermore, the massive spectrum in the twisted sectors does not 
depend on the untwisted moduli. Thus in this case the target space modular anomaly 
associated to Tj has to be completely cancelled by the Green-Schwarz mechanism. 
This implies that 5 GS = b n a /k a for all gauge group factors G a . Since 5 GS is gauge 
group independent, it immediately follows that the anomaly coefficients (3.6) must 
take the same values for all group factors of the gauge group G = Y[ a G a : 

K a Kb K c 

This requirement of the complete cancellation of the cr-model anomalies by the Green- 
Schwarz mechanism will provide very strong conditions on the possible spectrum of 
gauge non-singlet states, specifically on the allowed representations R a in connection 
with the possible modular weights n l R as we will discuss now in the following. In the 

— a 

next section we will return to the threshold effects and their implications on string 
unification scenarios. 

Let us first give a list [(2.8)html:jA href="#reference.l3"^13(2.8)html:i/A^,(2.8)html:iA 
href=" preference. 6" £6(2. 8)html:j/A^] of those orbifold compactifications for which 
there is complete a-model anomaly cancellation without additional threshold effects 
(see also the twist vectors 9 in the second column of table 1). First for the Z3 and Z7 
orbifolds, all three complex planes are rotated by all orbifold twists. Therefore there 
is complete modular anomaly cancellation with respect to Ti, T 2 and T 3 , and the b /l a 
coefficients have to coincide for all three planes i = 1,2,3. The Z 4 , Z 6 , Z 8 , Z§, Z 12 
and Z' 12 orbifolds have two completely rotated planes, such that the b'\ coefficients 
have to coincide for i = 2,3. Finally, for the Z 6 orbifold, the moduli Ti, T 2 and 
Ui appear in the threshold corrections, and only the modular anomaly associated to 
T 3 is completely cancelled by the Green-Schwarz mechanism. On the other hand, 
for all Zm x Zat orbifolds each complex plane is left unrotated by at least one orb- 
ifold twist [(2.8)html:jA href="#reference.l3"^13(2.8)html:j/A^]. Therefore one does 
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not find the complete modular anomaly cancellation for any of these compactifica- 
tions. It is interesting to note that if there exists a complex structure modulus U m 
(h(2,i) 0)) the threshold corrections always depend on this modulus. Therefore the 
anomaly coefficients b'™ are never constrained by the requirement of complete mod- 
ular anomaly cancellation. The reverse situation is true for possible complex planes 
with off-diagonal fields T^-. These fields never appear in the threshold corrections, 
since the corresponding complex planes are always rotated by all orbifold twists. 

It is instructive to check how the modular anomaly cancellation conditions for 
completely rotated planes are satisfied for already known orbifold constructions. This 
check involves the determination of the modular weights of the charged fields as de- 
scribed in section 2. For example it is easy to show that for the symmetric (2,2) Z 3 
orbifold with standard embedding of the twist into E 8 x Eg, the anomaly coefficients 
agree for all gauge group factors: b' Eg = b' E& = b n su ^ = —30, i = 1,2, 3. The modu- 
lar anomalies with respect to the gauge groups E 8 and Eq of additional (2,2) orbifolds 
were considered in ref.[(2.8)html:jA href=" preference. 14" £14(2. 8)html:j/A^]. In the 
appendix A we also discuss the case of the (2,2) Z 7 orbifold in some detail. 

It is important to stress that the modular anomaly cancellation has to work 
not only for the few (2,2) cases but also for the numerous (0,2) constructions with 
non-standard embeddings and/or additional background fields such as discrete Wil- 
son lines. In general, these orbifolds yield gauge groups different from E 6 x E 8 . 
As a non-trivial (0,2) example we explicitly discuss in the appendix B a Z4 orb- 
ifold with gauge group G = E 6 x SU(2) 1 x U(l) x E 7 x SU(2) 2 [(2.8)html:jA 
href=" preference. 44" ^44(2.8)html:j/A < i,]. As required from our general arguments 
on modular anomaly cancellation, we find for the anomaly coefficients of the second 
and third plane: b' l E@ = b n su ^ 2 ) 1 = b' Er = b' l su ^ 2 ) 2 = ~~ 6> * = 2, 3. We also checked 
for (0,2) Z 3 orbifolds with discrete Wilson lines that the anomaly coefficients of all 
gauge group factors coincide for each of the three complex planes. 

Instead of looking at already explicitly constructed orbifold compactifications we 
now want to demonstrate that the requirement of having no target space modular 
anomalies leads to very strong, and so far undiscussed, constraints on the possible 
spectrum of massless fields for orbifolds with completely rotated planes. Specifically, 
we want to investigate the important question whether an orbifold with the standard 
model gauge group G = 577(3) x 577(2) x U(1)y, plus exactly the massless particle 
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content of the minimal supersymmetric standard model, can be free of target space 
modular anomalies and can thus describe a consistent compactification scheme. The 
massless spectrum of the hypothetical minimal orbifold is characterized by the modu- 
lar weights n l a of the standard model chiral fields where a = Q g ,U g , D g , L g , E g , H, H 
(g = 1,2,3) in an obvious notation. Then the anomaly coefficients of the minimal 
model take the following form: 

3 

9=1 
3 

b'i = 5 + + nl g ) + n l H + n^, (3.11) 

9=1 

3 1 8 2 

b'\ = 11 + J2^ n Q 9 + l n k + + n l Lg + 2n% g ) + + n^. 

9=1 

The condition of vanishing target space modular anomalies of the minimal orbifold 
compactifications now reads b' l 3 /ks = b' l 2 /k2 = b'\/ki, where i corresponds to those 
complex planes that are rotated by all orbifold twists. For the case of U(l)y, our 
normalization of the U(l) charges used in b'\ is chosen in such a way that k\ = 5/3 
corresponds to the standard grand unification value of the Kac-Moody level. The 
above anomaly cancellation condition turns into two independent equations, which 
the modular weights of the standard model fields have to satisfy. For our purposes, 
it will be convenient to define the following two linear combinations which have to 
vanish: 

A' 1 = ^b'[ - b'l = 0, B' 1 = b'\ + b'l - ^±^b'l = 0. (3.12) 
ki " k 3 

Whether these two equations have any solutions crucially depends on the distribution 

of the allowed modular weights of the standard model fields, which were classified in 

section 2. Of course, similar constraints may be obtained for other extended gauge 

groups and particle contents. 

(2.8)html:jA name="subsection.3.3"£3.3.(2.8)html:j/A£ The case of general (0,2) Z 3 
orbifolds. 

The strongest constraints arise for the Z 3 orbifolds where eq.(3.12) must be 
satisfied with respect to all three complex planes, and where the choice of possi- 
ble values for the modular weights is very limited. Indeed there exist [(2.8)html:jA 
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href=''#reference.32''£32(2.8)htmh 

href=" preference. 33" ^,33(2. 8)html:j/A^] several Z 3 examples with standard model 
gauge group and three chiral families, but all of these possess in addition some extra 
(non-chiral) matter fields. Thus, can there exist anomaly free Z 3 orbifolds with just 
the minimal particle content? In the previous section we gave an extensive description 
of how one determines the allowed modular weights for massless particles. Let us give 
the result for the standard model particles for the Z 3 orbifold case. The first pos- 
sibility for allowed modular weights is given by n a = (—1, 0, 0), (0, —1, 0), (0, 0, —1). 

— * 

These three choices correspond to untwisted chiral fields. The twist vector 9 of the 
Z 3 orbifold has the form 9 = (1/3, 1/3, 1/3) (v = (1/3, 1/3, -2/3)). The conformal 
dimensions as a function of the Kac-Moody levels are given in table 2 for the standard 
model particles. Then, using eq.(2.35), we obtain that for k = 3/5k\ = k 2 = fc 3 = 1 
there are no oscillators allowed for the standard model particles. For k = 2 the fields 
Q g and U g still must not have any oscillator, whereas the other fields may possess one 
twisted oscillator. Finally, for k = 3 all fields except Q g may possess one oscillator, 
and for k > 3 we obtain p max = 1 for all standard model particles. 

Let us first investigate the most common case of level one Kac-Moody algebras, 
k\ = 5/3, ki = ks = 1. Then, apart from the "untwisted" modular weights, the 
only additional "twisted" possibility for the standard model fields is to have n Q = 
— (2/3,2/3,2/3). (The corresponding overall modular weight n = — 2 is displayed 
in table 3.) Thus, in total, the range of allowed modular weights consists of four 
possibilities. With the help of a computer program one can now check whether the 
two equations (3.12), together with eq.(3.11), have any simultaneous solutions using 
the four different allowed values for the modular weight vectors of each of the standard 
model particles. In doing this we find that there are no solutions at all. It is interesting 
to note that also the single equation b' 2 — b'\ = cannot be satisfied using the allowed 
modular weights. In this way the uncertainty of the U(l) normalization factor k\ is 
eliminated. Thus we have obtained the striking result that for the Z 3 orbifold with 
level one gauge groups the target space modular anomalies cannot be cancelled by 
the standard model particles. In this way we have ruled out the minimal level one Z 3 
compactifications by general consistency arguments. The requirement of target space 
anomaly freedom forces us to introduce additional fields. 
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At higher levels the range of allowed modular weights is broader. Specifically, 
if there can be one twisted oscillator one obtains the following additional allowed 
modular weight vectors: n a = -(5/3, 2/3, 2/3), -(2/3, 5/3, 2/3), -(2/3, 2/3, 5/3). In 
this case we find that for k > 2 the anomaly cancellation condition eq.(3.12) can 
be satisfied in various ways. Therefore we cannot prove minimal Z3 models with 
higher level Kac-Moody algebras to be inconsistent. Orbifold models with gauge 
groups realized at a higher Kac-Moody level were constructed in ref.[(2.8)html:jA 
href=" preference. 37" ^37(2. 8)html:j/A^] (an example is briefly discussed in section 
3.6). It is however complicated to explicitly construct models with higher level stan- 
dard model gauge group. In addition we will show in the next section on threshold 
corrections, that the minimal Z3 compactifications cannot meet the phenomenological 
requirement of proper coupling constant unification, and are therefore ruled out on 
physical grounds. 

Let us investigate more what the spectrum of additional massless states 
has to look like in order to satisfy the anomaly matching conditions. General 
classes of (0,2) Z 3 orbifold models with gauge group SU(3) x SU(2) x U(l) n x 
^hidden and three quark lepton generations plus extra vector-like matter were 
constructed in refs.[(2.8)html:jA href="#reference.32"^32(2.8)html:j/A^2.8)html:jA 
href=" preference. 33" ^33(2. 8)html:j/A^]. This was done by adding two quantized 
Wilson lines on the four different basic embeddings of the Z3 orbifold. For example, 
in ref.[(2.8)html:jA href=" preference. 32" ^32(2. 8)html:j/A^] a three generation model 
with gauge group G = SU(3) x SU{2) x U{l) s x »SO(10)hidden was constructed. It is 
straightforward to show that the conditions of modular anomaly cancellation are satis- 
fied in this model. Specifically, the untwisted states with non-trivial SU(3) x SU(2) x 
SO (10) quantum numbers are given by 3[(3,2,1) + (3,1,1) + (1,2,1) + (1,1,16)], 
whereas the twisted states are of the form 3 [5 (3, 1, 1) + 4(3, 1,1) + 12(1, 2, 1)]. Then 
one obtains b' S u(3) = b'su(2) = b'so(io) = -18- 

More generally, it was shown that one can construct, just within the Z3 orbifold, 
of order 50000 such three generation models but only nine different classes are inequiv- 
alent [(2. 8)html:jA href=" preference. 45" /,45(2.8)html:i/A^]. Furthermore, these nine 
classes divide into two types, according to the lepton and quark content of the un- 
twisted sector. Five of the classes have in that sector three copies of particles with 
quantum numbers 

(3,2) + 2(1,1) (3.13) 
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whereas the other four models have three copies of fields transforming like 

(3,2) + (3,1) + (1,2) (3.14) 

under SU(3) x SU(2). Models belonging two these two classes always had some 
specific properties. In particular, irrespective of the structure of the model and of 
which other gauge factors are present, the number of SU(2) doublets exceeds by 12 
the number of 577(3) triplets. This meant in practice the impossibility of getting 
the minimal Higgs content since in the minimal model the number of SU(2) doublets 
exceeds the number of 577(3) triplets only in the number of Higgs pairs. 

Duality anomaly cancellation arguments allow us to understand the origin of 
these peculiar properties of these three generation models. Consider modular in- 
variance with respect to the overall modulus T = 7\ = = T3. In the type 
of models of refs.[(2.8)html:jA href="#reference.32"^32(2.8)html:i/A^,(2.8)html:iA 
href="#reference.34"^34(2.8)html:i/A^,(2.8)html:iAhref="#reference.33"^33(2.8)html:i/A^, 
the twisted oscillator states are always 577(3) x 577(2) singlets and hence the possible 
modular weights of quarks, lepton-doublets and Higgses are n = — 1 (untwisted) and 
n = — 2 (twisted). Cancellation of modular anomalies requires 

&' 2 - b' 3 = 9 - 6 - 1 « - N?) + \ (N£ - iV 2 T ) = 0, (3.15) 

where and N% are the numbers of triplets in the twisted and untwisted sectors 
respectively (and equivalently for the doublets). In the models with untwisted content 
as in eq.(3.13) one has N% = 6 and N% = 9 whereas in the second type one has 
TVg 7 = 9 and TV"// = 12. Thus from eq.(3.15) one gets in both cases 

iV 2 T - AT 3 T = 9, 

and there are altogether 9 + 3 = 12 more doublets than triplets in all models. This 
gives an understanding of this pattern previously found in a model-by-model ba- 
sis. Similar arguments should be applicable to other Z3 three-generation models 
obtained through the addition of three Wilson lines instead of two (for examples see 
ref.[(2.8)html:jA href="#reference.46"^46(2.8)html:j/A^]). The determination of the 
complete massless spectrum of these models is extremely painful and using duality 
anomaly cancellation arguments one can obtain immediately information about the 
twisted spectrum by simply knowing the untwisted sector (which is trivial to obtain) 
and using equations analogous to eq.(3.15). 
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(2.8)html:jA name= ,: 'subsection. 3.4' : '$3. 4-(2.8)html:j/A$ Z7 and other orbifolds 

Now let us discuss the Z7 compactifications [(2.8)html:jA href=" preference. 12"^12(2.8)html:j/A^,( 
href=" preference. 47" £47(2. 8)html:j/A^] which provide the second class of orbifolds 
with three completely rotated planes. Again we will find that the target space mod- 
ular anomalies cannot be cancelled, assuming a minimal particle content together 
with the standard model gauge group 577(3) x 577(2) x U(l)y- The distribution 
of allowed modular weight vectors for the standard model fields is as follows. For 
untwisted fields there are again the three possibilities n a = (—1,0,0) + perm. The 

— * 

Z 7 twist vector is given as 6 = (1/7,2/7,4/7). Then, for states without oscillators, 
one obtains in the twisted sectors three different allowed modular weight vectors: 
n a = —(6/7, 5/7, 3/7) + perm. For simplicity, we restrict the discussion from now on 
to the level one case 3/5/ci = k 2 = k 3 = 1. This implies (see table 3) that the fields 
Q g ,Ug, Eg are not allowed to have any twisted oscillator contribution. Thus, the range 
of allowed modular weights consists of the six above mentioned choices. On the other 
hand, looking at the first twisted sector, the fields D g ,L g ,H,H may maximally have 
two oscillators associated to the first complex plane or one oscillator in the direction 
of the second plane. For the remaining twisted sectors an analogous statement is true. 
Thus we obtain nine additional allowed modular weight vectors for these type of fields: 
n a = -(13/7, 5/7, 3/7), -(20/7, 5/7, 3/7), -(6/7, 12/7, 3/7) +perm. With these 15 al- 
lowed choices for D g , L g , 77, 77 and the 6 possibilities for Q g , U g , E g eq.(3.12) has not 
a single solution. This again rules out any minimal Z7 compactification at the lowest 
Kac-Moody level. However, at higher level we expect to find a variety of consistent 
solutions. 

Concerning the other (level one) cases, we have summarized our results about 
the cancellation of the modular anomalies in the third column of table 1. Unfor- 
tunately, the Z 3 and Z7 orbifolds provide the only two classes of models where the 
minimal standard model spectrum can be ruled out on the basis of modular anom- 
aly cancellation requirements alone. As already discussed, all other models have at 
least one complex plane which is left unrotated by one of the orbifolds twists. Then 
the anomaly cancellation condition eq.(3.12) cannot be applied with respect to this 
particular complex plane. The consequence of the corresponding loss of one, two, or 
even all three equations is that for the remaining conditions one always finds modular 
weights of the standard model particles which are allowed by the particular model 
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under investigation. Thus, in order to obtain further constraints on these orbifolds, 
additional "phenomenological" boundary conditions are needed. This subject will be 
discussed in section 4. 

(2.8)html:jA name= ,: 'subsection. 3. 5" '$3. 5.(2. 8)html:j/A$ The mixed gravitational anom- 
alies 

The above discussion was mainly concerned with the presence of mixed Kahler 
(and curvature) gauge anomalies. There will also be in general mixed triangular 
anomalies involving two gravitons instead of two gauge bosons. The computation of 
those anomalies is exactly parallel to the gauge anomalies, the only difference being 
that now all massless fermions (including the gravitino and fermionic partners of the 
dilaton and moduli) will contribute. The analogous anomaly coefficient 6'g rav . can be 
computed to be 

Cav = 21 + 1 + 8* M - dimC + C 1 + 2 <)> ( 3 - 16 ) 

a 

where the sum runs over all the massless charged chiral fields. (The mixed gravita- 
tional anomalies were also considered by [(2.8)html:jA href=" preference. 48" £48(2. 8)html:j/A^, (2. 8)htm 
href="#reference.l6"£l6(2.8)html:i/A£,(2.8)html:iAhref="#reference.49"£49(2.8)html:i/A£]. 
However in ref.[(2.8)html:jA href=" preference. 16" £l6(2.8)html:j/A£] the contribu- 
tion of the gravitino is apparently missing.) The contribution of the gravitino to the 
anomaly is given by 21, the dilatino contributes 1 (since it has no modular weight) 
and S l M represents the contribution of modulinos to the anomaly, which is model- 
dependent; dim G is the dimension of the complete gauge group. Notice that for a 
completely rotated orbifold plane one has 

Cav = 24 ^ (3.17) 

for any gauge group (as an example we check eq.(3.17) for the (2,2) Z 7 orbifold in 
the appendix A and for a (0,2) Z 4 example in appendix B). This fact leads to further 
constraints on the massless fermionic spectrum, although the computation of 6'gmv 
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requires a complete knowledge of the massless spectrum including all singlets. In the 
case of the overall modulus T the anomaly coefficient is 

6'grav = 66 + 5 M - 3(dim G) + J2 ( 3 + 2n ^' ( 3 - 18 ) 

a 

It is perhaps interesting to remark that, since in four dimensions there are no pure 
gravitational anomalies, these mixed a model gravitational anomalies are the only 
ones that are sensitive to singlet particles, they are our only control on the possible 
existence of a "hidden sector" in the theory. Consider for example the Z 3 and Z 7 
orbifolds. One can get an idea of the size of the "hidden sector" of the theory by 
using eqs.(3.17),(3.18) which yield 

3(dim Chidden) - ^2 ( 3 + 2?1q ) = 

a=hidden ^ 

-24b' me + 66 + 5 M - 3(dim G visib i e ) + ^ (3 + 2n a ) 

a=visible 

where b' gauge corresponds to any of the gauge groups. One can also make use 
of the gravitational anomaly cancellation in order to check in an easy man- 
ner if the computed massless spectrum of a given (0,2) Z3 or Z7 orbifold is 
correct. Consider for example the class of three-generation Z3 orbifold models 
with gauge group SU(3) x SU(2) x U(l) n x Chidden discussed above [(2.8)html:jA 
href="#reference.32"^32(2.8)html:i/A^,(2.8)html:iAhref="#reference.34"^34(2.8)html:i/A^,(2.8)htm 
href="#reference.33"^33(2.8)html:j/A/ > ]. The computation of the massless sector can 
be extremely cumbersome (especially in the case with three Wilson lines) and it is 
very easy to miss some singlet states. In these models one has (one can check 5m = —9 
for Z 3 ) 

J2N T + 3j2 N osc = -24&; auge + 57-3dimG + (3.20) 

T osc U 

where U, T,osc denote untwisted, twisted and twisted oscillator states. The quantities 
in the right-hand side are very easy to compute and eq.(3.20) gives us a handle on the 
singlets of the model. Using this equation, we have checked that the spectrum of some 
models in the literature is incomplete. Thus, for example, one can immediately check 
that the massless spectrum of the three-generation SU(3) x SU(2) x £7(1) 13 model of 
ref.[(2.8)html:|A href="#reference.46"^46(2.8)html:i/A^] is missing 75 states in the 
twisted sector. 
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(2.8)html:}A name="subsection.3.6"^3.6.(2.8)html:j/A^ The effect of symmetry-breaking 
flat directions on the modular anomalies 

All the above discussion applies directly to the case of (0,2) orbifold 4-D strings 
with gauge group of rank > 16, i.e. standard Abelian orbifold models. However, there 
are string solutions with smaller rank which are continuously connected to the above 
models by giving non-vanishing vev's to some marginal deformations. In the effective 
field theory, these marginal deformations correspond to fields C with completely flat 
potential such that < C > is an arbitrary parameter of the theory. An example of 
that are the Calabi-Yau limits of the unique (up to discrete torsion) (2,2) version of 
each orbifold, which are obtained by giving vev's to the twisted moduli of each model. 
However it is important to remark that for a given orbifold there is a unique (2,2) 
version but many thousands of consistent (0,2) embeddings for which the "repaired" 
Calabi-Yau limit does not exist. Still, these models, as remarked in ref.[(2.8)html:jA 
href=" preference. 50" ^50(2. 8) html: [/A/,] do also possess other marginal deformations 
not necessarily associated with the geometry of the orbifold. When giving vev's 
to these marginal deformations one generically lowers the rank of the gauge group 
and some chiral fields A, B get massive through renormalizable Yukawa couplings 
corresponding to a superpotential of the form W ~ CAB. This possibility is in fact 
often used in model-building in order to reduce the number of massless fields, which 
tends to be quite large in generic 4-D strings. 

An obvious question is whether the anomaly constraints described above ap- 
ply also to these "deformed" lower-rank models. Of course, modular anomalies 
must also cancel for these models; the question is whether one can impose con- 
straints, e.g. as in eqs.(3.10),(3.17) to the massless sector. The answer to that 
question depends on the type of flat direction considered. If the flat direction in- 
volves vev's only for untwisted fields in completely rotated planes, the answer is 
immediately yes. These types of flat directions were discussed in refs.[(2.8)html:iA 
href="#reference.50"i50(2.8)html:j/A^] and [(2.8)html:jA href="#reference.51"^51(2.8)html:i/A^]. 
A simple example is provided by the standard (2,2) Z3 orbifold. The gauge group 
is Eq x SU(3) x Eg and there are three copies of (27,3) in the untwisted sector 
and 27 copies of (27, 1) in the twisted sector. One can easily check [(2.8)html:iA 
href="#reference.50"^50(2.8)html:i/A^,(2.8)html:iAhref="#reference.51"^51(2.8)html:i/A^] 
that there is a flat direction involving non- vanishing vev's for three scalars inside one 
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of the (27, 3)'s which breaks E 6 x S77(3) -> 50(8) x t/(l) 2 . At the same time, some un- 
twisted fields acquire a mass through trilinear Yukawas, and one is left with untwisted 
and twisted matter fields with SO (8) quantum numbers: 

U : 3 (8„ + 8 S + 8 C + 1) 

(3.21) 

T : 27 (8 V + 8 S + 8 C + 1 + 1 +1). 

Consider now the modular anomalies with respect to the overall modulus T. We know 
that for the Z 3 orbifold case one has b' E& = b' Eg = b' su ^ = —90. For the "deformed" 
model obtained after the flat direction is taken one finds 

b'so(8) = "3 C SO (8) + 3(1 + 1 + 1) - 27(1 + 1 + 1) = -90, (3.22) 

i.e., the constraints of eqs.(3.10) and (3.17) still hold. This is in fact not surprising, 
since the massive spectrum in untwisted sectors corresponding to completely rotated 
complex planes have an N = 4 structure. When the marginal deformation appears, 
the fields which get a mass form complete N = 4 multiplets, which give vanishing 
contribution to b' such that the value of b' is not changed by < C >^ 0. Thus for 
these types of flat directions the constraints in eqs.(3.10) and (3.17) still hold. 

Sometimes, taking one of these flat directions gives rise to a new orbifold 
model with gauge groups realized at a higher Kac-Moody level [(2.8)html:jA 
href="#reference.37"^37(2.8)html:j/A^]. In these cases the k factors in eq.(3.10) 
are important. A Z 3 example of this type was constructed in ref.[(2.8)html:jA 
hre£="#re£erence.37"i37(2.8)html:i/Ai]. This is a model with gauge group S77(3) 3 x 
SO (14) x U(l) 3 and untwisted and twisted matter fields transforming like 

U : 3[(3,3,3) + (l,l,l) + (1,14) + (1, 



(3 23) 

T : 27[(3,1,1) + (1,3,1) + (1,1,3)]. 

One can easily check that for the overall modulus one has b' su ^ = b' so ^ = —9. 
One can also check that there is an untwisted flat direction in which, giving vacuum 
expectation values to some appropriate components of the (3, 3, 3) fields, one arrives 
at a model with gauge group 577(3) x 50(14) x U(l) 3 in which the 577(3) algebra is 
realized at level k = 3 whereas 50(14) is still at level k = 1. The new model particle 
content has untwisted and twisted matter fields transforming like 

U : 3[(10,I) + (I,1) + (1,14) + (1,64)] 



(3.24) 
T : 81(3,1) 
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where the 10-plet corresponds to a three-index completely symmetric SU (3) repre- 
sentation. The reader can easily check that 

b'su(3) = ^3 &SO(14) = 3 &50(i4) = ~ 2 7; (3.25) 

verifying eq.(3.10). Thus along this type of flat directions, it is the ratio b' /k which 
remains invariant due to the N = 4 supersymmetry of the massive fields and not b' 
itself. 

For other types of fiat directions, namely for untwisted fields that do not belong 
to a completely rotated plane and for twisted fields, the fields getting a mass do not 
form in general complete N = A multiplets and do contribute to the 6's. There- 
fore the anomaly cancellation conditions (3.10) and (3.17) will no longer hold if one 
computes the anomaly coefficients by taking into account only the contribution of 
the remaining massless fields. (Of course, including also the fields which get their 
mass by < C >^ 0, the anomaly conditions are always satisfied.) However, in this 
case one can show [(2.8)html:jA href="#reference.l7"^17(2.8)html:j/Ar j ,(2.8)html:iA 
href=" preference. 52" £52(2. 8)html:j/A/J that the contribution of the mass field C to 
the one-loop threshold corrections exactly cancels the target space anomalies. 

(2.8)html:jA name="section.4"^4.(2.8)html:;/A^ Gauge Coupling Unifica- 
tion and Threshold Effects 

In the last section we have obtained very strong constraints on the massless spec- 
trum of those two classes of orbifold compactifications, for which all three complex 
planes are rotated simultaneously by all orbifold twists. However, this situation is 
certainly not the generic case since most orbifolds have at least one complex plane 
on which a particular twist is not acting. On the other hand, for the orbifolds with 
unrotated planes very useful restrictions on the form of the massless spectrum, in 
particular on the possible modular weights, can be obtained from the requirement 
of the proper unification of the running gauge coupling constants. Again we will 
show that large classes of orbifolds are ruled out by this "phenomenological" require- 
ment when one assumes the particle content of the minimal supersymmetric standard 
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model. In ref.[(2.8)html:jA href="#reference.20"^20(2.8)html:j/A^] we already dis- 
cussed the gauge coupling running in minimal orbifold compactifications. The analy- 
sis presented in this section should be viewed as the continuation and elaboration of 
our earlier work in ref.[(2.8)html:jA href=" preference. 20" ^20(2. 8)html:j/A^]. We will 
comment on the specific relation between the present analysis and ref.[(2.8)html:jA 
href=" preference. 20" ^20(2. 8)html:j/A^] later in the text. Threshold corrections 
and gauge coupling unification within the flipped SU(5) string model [(2.8)html:jA 
href=" preference. 53" /,53(2.8)html:j/A^] were considered in ref.[(2.8)html:jA href=" preference. 54" ^54(1 

For orbifolds with unrotated complex planes, the threshold contributions to the 
gauge coupling constant due to the massive momentum and winding states are of the 
following form [(2.8)html:jA href="Preference.6"^6(2.8)html:j/A^]: 

1 3 

A a (T,, U m ) = J>'1 - k a Shs) log \v(Ti)\ 4 

-1^2 J2(b'Z-k a SlSsnog\v(U m )\\ 

m=l 

where t/(T) = e" 7 ^/ 12 Il^LiC 1 ~ e 27rnT ) is the Dedekind function. Using the well- 
known modular transformation properties of the Dedekind function, it is easy to check 
that the threshold corrections, together with the non-trivial transformation property 
of the S-field, exactly cancel the anomalies under the discrete target space modular 
transformations. 

In the following we will neglegt the U m dependence of the threshold corrections. 
This limitation will not affect our main conclusions. In particular, one can check that 
in orbifolds with two completely rotated planes the contribution from the standard 
model fields to the anomaly coefficients of the Tj and U m moduli agree. Thus the 
possible contribution of the £7-fields can be absorbed by a simple redefinition of the 
T-fields. Using eq.(4.1) for the moduli-dependent threshold corrections, the one- 
loop running gauge coupling constants take the following form (up to a small field 
independent contribution): 

1 7 7 A/f^ 1 



(4.1) 
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Here M stI . ing is the typical string scale, which is of the order of the Planck mass. Its 
precise value, using the MS scheme, is determined by the universal string coupling 
constant String as [(2.8)html:jA href=" preference. 19" ^,19(2. 8)html:j/A^] M str i ng = 
0.7 x String x 10 18 GeV. The unification mass scale Mx where two gauge group 
coupling constants become equal, i.e. k g 2( Mx ) = k b g^(M x ) ' becomes using eq.(4.2): 



M x _ fj urr , _,. rrr ^h 



K'k a 



Mstring 



Y[[(Ti + Ti) \v(Ti)\ 4 ) W^TO . (4.3) 



Note that since we are interested only in the difference of two gauge couplings, the 
universal Green-Schwarz term is irrelevant for Mx- It is clear that the unification 
scale Mx does not depend on those moduli Tj which correspond to a completely 
rotated complex plane, since in this case one has b' l a kb = b\'k a (cf. eq.(3.10)). Thus for 
the Z3 and Z7 orbifolds it immediately follows that Mx = Muring- For the remaining 
classes of models with at least one unrotated plane one generically obtains either 
Mx < M s tring or Mx > M s tring- Which of the two possibilities is realized depends on 
the modular weights of the charged fields and also on the values of the Tj fields. In our 
previous paper [(2.8)html:jA href=" preference. 20" ^20(2. 8)html:j/A^] we considered 
the threshold dependence on the overall modulus T = T\ = T 2 = T 2 . Identifying 
the three moduli in this way, one concludes that Mx > M st ring if only charged states 
with overall modular weights n = — 1 (e.g. as in the Z 2 x Z2 orbifold) contribute 
to b' . On the other hand, leaving the three fields Tj as independent parameters, 
Mx < Mgtring is in principle possible even in this case if, for example, n a = ( — 1, 0, 0) 
and Ti >> T 2 , T 3 , such that the dominant contribution to the threshold effects comes 
from T\. 

As a useful illustration of the fact that both Mx > M st ri n g and Mx < M st ring can 
actually occur in known orbifold compactifications, we discuss in the appendix B a 
(0,2) Z 4 orbifold with gauge group G = E 6 xSU(2) 1 xU(l)xE 7 xSU(2) 2 . As discussed 
in the previous section, this orbifold requires complete modular anomaly cancellation 
with respect to T 2 and T 3 . Thus the threshold corrections entirely depend only on T\. 
Specifically one finds the following unification scenario: The unification of E 6 with 
SU(2) 2 occurs at M x < M st ri n g- (The precise value of M x depends on the value 
of T\.) Second, Mx = M st ri n g for the unification of E 6 with SU '(2)i and of E 7 with 
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SU(2) 2 - Finally, E G and E 7 as well as SU (2)i and £7 unify at Mx > M str - 1Ilg , whereas 
the coupling constants of SU(2)i and SU(2) 2 do not meet at all (bsu(2) 1 = bsu(2) 2 )- 

Now we want to investigate the question whether the Zjy or Z w x Z M orbifold 
compactifications can lead to the correct unification of the three coupling constants 
of the standard model gauge group SU(3) x SU(2) x U(l)y, taking into account the 
threshold correction of the massive string excitations. Our analysis will be based on 
the experimentally measured values of the strong coupling constant and the weak mix- 
ing angle: a4 xp = 0.115±0.007, sin 2 #^ p = 0.233±0.0008. Considering the effect of the 
spectrum of the minimal super symmetric standard model on the one-loop renormaliza- 
tion group equations [(2.8)html:jA href="#reference.55"^55(2.8)html:i/A^] (without 
any threshold corrections) with a SUSY threshold close to the weak scale, one finds 
that the quoted results for as and sin 2 6w are in very good agreement with a unifica- 
tion mass M x /M string ~ 1/50 [(2.8)html:jA href="#reference.56"^56(2.8)html:j/A^]. 
In ref.[(2.8)html:jA href="#reference.20"^20(2.8)html:j/A^] we showed, looking only 
at the overall modulus T, that this substantial discrepancy of scales can be made 
consistent by the inclusion of the string threshold correction, provided the modular 
weights of the standard model particles satisfy certain, very constrained conditions. 
Now we will check in which classes of orbifolds the required conditions on the modular 
weights can be met taking into account also the constraints from the complete target 
space modular cancellation associated to completely rotated complex planes. We will 
also comment on the viability of some possible extensions of the minimal particle 
content. 

Making use of eq.(4.3) one gets for the value of the electroweak angle 9w and for 
the strong coupling constant ct3, after some standard algebra: 

k 2 

sin 2 QwilA = 



h + k 2 

^ (A log(^p) + A ' 1 lQ g[(^ + Ti)\v(Ti. 

(1.1) 



fci a/ 1 ' i/J 

ki + k 2 4:7i \ " taV [i 

i=i 



1 h ( 1 



«3(a0 (h + k 2 ) \a e (jj) 



1 M 2 1 \ 

- t^ b m^F) + ^ E B ' 1 + t<) \v(Ti) 1 4 ] ) , 

" i=l ' 
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where A = ^b\ — bi and B = b\ + 62 — ^t~^3- A' % and B ,% have the same 
expressions after replacing b a — > (see eq. (3. 12)). 

Let us first compute 0;° and sin 2 6>^, which we define to be the values of 
the strong coupling constant and the weak mixing angle, respectively, without any 
string threshold corrections, i.e. A' l ,B' 1 = 0. From now on we restrict the 
discussion to the Kac-Moody level one case ks = hi = 3/5 A; 1 = 1. For the 
spectrum of the minimal supersymmetric standard model one has A = 28/5 and 
B = 20. Then the large value for the string unification mass leads to a® = 0.20 and 
sin 2 ^ = 0.218 [(2.8)html:jA href="#reference.57"^57(2.8)html:i/A^,(2.8)html:jA 
href=" preference. 20"^20(2.8)html:j/A^], in gross conflict with the experimental data. 
It is useful to consider also the effect of including extra, light (with mass at the weak 
scale) chiral fields in non-minimal compactifications. Specifically, we compute 0:3 and 
sin 2 6>^, including various combinations of extra SU(3) octets O and SU(2) triplets 
T, being singlets under the other two gauge groups, plus possible extra non-exotic 
standard model particles. The results of these computations are displayed in table 
4. None of the choices is in agreement with the experimentally required values for 
a 3 and sin 2 9w (Various other extensions of the minimal unification scenario can be 
tried out, but we found that none of them meets the experimental requirements.) For 
later use, it is convenient to introduce the following parameter 7 , which indicates 
the deviation of the 'bare' string predictions from the experimentally correct values: 

The relevant values for 7 are again shown in table 4. (There, 7 ~ means that a® 
is in good agreement with experiment, whereas sin 2 6>^ is several standard deviations 
away.) 

Having convinced ourselves that the minimal string unification as well as var- 
ious extensions with light particles fail to reproduce the experimentally known 
parameters without or with only tiny string threshold corrections, we can think 
of two kinds of alternatives (of course, the following two possibilities can also 
be realized simultaneously): First, some of the additional fields are not light 
but sit at some intermediate mass scale with or without intermediate unification 
of the standard model gauge groups. In fact it was shown in ref.[(2.8)html:jA 
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href=" preference. 57" ^57(2. 8)html:j/A^] that this is a viable approach for case j of 
our table 4. Secondly, insisting on having only light fields, the effects of string thresh- 
old corrections accommodate for the correct values of ct 3 and sin 2 Ow- This gener- 
ically requires the compactification scale with be relatively large compared to the 
string scale [(2.8)html:jA href="#reference.20"^20(2.8)html:j/A^]. In addition, the 
parameters A' 1 and B n : and thus the modular weights of the light fields, are strongly 
constrained. 

Let us discuss the second approach of sizable threshold corrections. As discussed, 
the Z 3 and Z7 orbifolds do not lead to threshold corrections at all. Therefore, consid- 
ering a particular non-minimal Z 3 or Z7 orbifold with extra particles, it will not lead 
to consistent unification of the coupling constants unless ctg and sin 2 6^ agree with 
the experimental values. Thus, all cases displayed in table 4 cannot be used for these 
two types of orbifolds, unless one introduces an intermediate scale. 

For the remaining cases we assume that only one modulus contributes to eqs.(4.4). 
This situation is realized for the following three cases: 

(i) If the orbifold has two completely rotated planes. Then the entire moduli depen- 
dence of the threshold correction is given by T\. 

(ii) If one assumes that Ti >> T 2 ,T 3 considering an anisotropic, 'squeezed' orbifold. 

(iii) If one considers an isotropic orbifold identifying the three moduli, i.e. T = 
Ti = T 2 = T 3 . (For orbifolds with two rotated planes cases (i) and (iii) are com- 
pletely equivalent since T 2 and T 3 do not contribute to eqs.(4.4).) This possibility 
was discussed in ref.[(2.8)html:jA href="#reference.20"i20(2.8)html:j/A^]. In order 
to realize the minimal string unification scenario, we found a unique solution for the 
overall modular weights of the standard model particles, assuming that the range of 
the overall modular weights is between —3 and — 1, — 3 < n a < —1, and also assuming 
generation universality: 

nn = n D = -1, n v = -2, n L = n E = -3, 

(4.6) 

n-H + n-jj = -5, -4. 

In addition, the overall compactification scale has to be relatively large: ReT ~ 
16. Repeating this analyis by taking into account the allowed values of the overall 
modular weights of the standard model fields as shown in table 3, and abandoning 
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the assumption of generation universality, we obtain that minimal unification can be 
realized with the restriction to one overall modulus T for the following cases: Z§, Z12, 
Z' 12 , Z 2 x Z 6 , Z 6 x Z 6 . This result is summarized in the 4 th column of table 1. For the 
other cases minimal unification is either impossible or one has to consider a squeezed 
orbifold. 

In addition one has also to fullfill the requirements from the modular anomaly 
cancellation associated to the completely rotated planes. Specifically, for all orbifolds 
with two completely rotated planes, we have three sets of equations, which the mod- 
ular weights of the standard model particles have to satisfy. Namely, there are first 
the conditions for complete modular anomaly cancellation with respect to the second 
and third complex plane, i.e. 

A 2 ' 3 ' = B 2 < 3/ = 0. (4.7) 

Eq. (4.4) is then a function of the single modulus Ti. Since log[(Ti+T!)|?7(Ti)| 4 ] < for 
all possible values of 7\ , the correct value for sin 2 9w is obtained provided the following 
condition is met: A' 1 < (A' 1 > 0) if sin 2 6° w < sin 2 9™ p (sin 2 0°, > sin 2 6>^ p ). 
Analogously, for a 3 > a^ p (0:3 < ag Xp ) one requires B' 1 < (B' 1 > 0). Additional 
information about the allowed values of A' 1 and B' 1 can be obtained if one eliminates 
the explicit T\ dependence by combining the two equations in (4.4). In this way one 
finds that the ratio 7 = B' 1 / A' 1 has to coincide with the 'experimental' parameter 
7 , which is defined in eq.(4.5). For the minimal string unification scenario we then 
obtain the following third condition on the modular weights of the standard model 
particles: 

B' 1 

A' 1 < 0, B' 1 < 0, 2.7 < 7 = — < 3.7 (4.8) 

A! 

All three coupling constants meet (at the one-loop level) at Mx = O(10 16 GeV) if 
7 = B/A = 25/7. 

Let us check these three conditions for all orbifolds with two completely ro- 
tated planes. Our results are summarized in the 5 th column of table 1. For exam- 
ple, the Z 4 orbifold compactifications allow for the following modular weight vec- 
tors of the standard model particles (for Kac-Moody level one): The untwisted 
choices are n a = (— 1, 0, 0), (0, — 1, 0), (0, 0, — 1). In the first twisted sector with 

— * 

6>i = (1/2,1/4,1/4) the modular weights for states without any oscillator take the 
form n a = —(1/2, 3/4, 3/4). For the particles D g ,L g ,H,H one can allow for a single 
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twisted oscillator either in the second or third plane. The corresponding modular 
weights are n a = -(1/2, 7/4, 3/4), -(1/2, 3/4, 7/4). Finally, in the second twisted 
sector with 62 = (0, 1/2, 1/2) all standard model particles must not have any oscilla- 
tor that one obtains in this sector n a = —(0, 1/2, 1/2). Thus, in total there are five 
different choices for the modular weights of the nine fields Q g , U g , E g and seven pos- 
sibilities for the eight fields D g ,L g , if, H. With the help of a computer program it is 
immediately checked that eqs.(4.7) and (4.8) do not possess a single solution using this 
range of modular weights. Thus all Z 4 orbifold compactifications (with Kac-Moody 
level one) do not pass the constraints of a minimal string unification scenario. 

The distribution of the allowed modular weights of the standard model particles 
for the remaining cases with two completely rotated planes, Zg, Z 8 , Z 8 , Zi 2 , Z' 12 , is 
easily determined. Interestingly enough, none of these compactifications, except Z 8 , 
is consistent with the minimal string unification scenario. On the other hand, for Z 8 
the allowed values of the modular weights for the standard model fields provide numer- 
ous solutions to eqs.(4.7), (4.8). Thus minimal unification is in principle possible for 
an isotropic, but relatively large Zg orbifold. A specific solution of eqs.(4.7),(4.8) 
has for example the following form: uq x 2 3 = (0,-1,0), n£> 123 = (—1,0,0), 
n Vl = (0,-1/2,-1/2), % 23 = (-3/4,-15/8,-3/8), n Ll = (-14/8,-3/8,-7/8), 
n L2 3 = (-14/8,-7/8,-3/8), n El = (-1,0,0), n E2>3 = (-3/4,-15/8,-3/8), n H = 
(-1/2,-3/4,-3/4),%= (-14/8,-3/8,-7/8). This choice requires that ReTi ~ 24. 

Now turn to the Z 6 orbifold with only one rotated plane (the third) . As discussed 
before, minimal unification is not possible for the isotropic case with T\ = T 2 . Thus 
we demand T\ >> T 2 , and the modular weights n\ are no longer constrained, since 
the threshold corrections depend only very little on T 2 . (This fact comes from the In- 
dependence of the Dedekind function.) Thus there are only two sets of equations to be 
satisfied. In turn, minimal string unification is now possible. In fact there are numer- 
ous solutions of eq.(4.8) together with the anomaly requirement A 3 ' = B 3 ' = 0. Just 
for illustration, one randomly chosen solution with generation universality looks like 
n Ql , a , 3 = n DlA3 = (0,-1,0), n Ul 2 ^ = (-2/3,0,-1/3) = n El 2 3 = (-2/3,0,-1/3), 
f}£ 123 = (—5/3,0,-1/3), Hh = n-jj = (0,0,-1). In addition to satisfying the con- 
straints on the modular weights, minimal string unification also requires a moderately 
large value for ReTi. For example, the above solution corresponds to ReTi ~ 10. Let 
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us remark at this point that in all the relevant examples we checked that the value of 
ReTi was not too big and dominated the tree-level coupling constant. 

Finally, for all Z N x Z M orbifolds, the constraints from modular anomaly can- 
cellation are not anymore present, and minimal string unification is possible mak- 
ing again the squeezing assumption T\ » T 27 T 3 . (See the last column in ta- 
ble 1.) For example, a possible set of modular weights that satisfies eq.(4.8) has 
the following form, considering the Z 2 x Z 2 orbifold: uq 123 = (—1/2,-1/2,0), 
^1,2,3 = ^i,2,3 = ™£i,2,3 = n H = (-1,0,0), n Dl 23 = % = (0,-1,0). In addi- 
tion, the Z 2 x Z 6 and Z 6 x Z 6 orbifolds also allow for minimal string unification with 
Ti = T 2 = T 3 (see the 5 th column of table 1). 

The conclusion of the above analysis is that Z N orbifolds cannot accommodate 
a model in which the only charged fields with respect to 577(3) x SU(2) x £7(1) are 
those of the minimal supersymmetric standard model except Z 6 and Z' 8 . A Z^ x Zm 
orbifolds can also yield adequate coupling unification in general. Thus we are able to 
rule out the existence and possible experimental consistency of large classes of 4-D 
strings based on (0,2) orbifolds. 

The above specific analysis was done assuming the low energy particle con- 
tent of the minimal supersymmetric standard model, but it may obviously be 
straightforwardly applied to any extended model. In particular, one can repeat 
the analysis e.g. for any of the extended models of table 4 in which the mass- 
less spectrum is enlarged by including some extra chiral multiplets [(2.8)html:jA 
href="#reference.58"^58(2.8)html:i/A^,(2.8)html:iAhref="#reference.57"^57(2.8)html:i/A^]. 
In order for any of those models to yield consistent unified couplings, one must have 
e.g. A 1 ' /B 1 ' ~ 7° and adequate cancellation of modular anomalies in the rotated 
planes (if there are any). The signs of the A' and B' also have to be appropri- 
ate. We refrain from presenting a complete analysis of all the models in table 4. 
It is however worth remarking that the conditions for adequate coupling unification 
through threshold effects are in some cases more easy to fulfill than in others. For 
example, it is easier to make the extended models b and j in table 4 agree with ex- 
periment than the minimal model itself. The extended model b contains extra fields 
O = (8, 1, 0) and T = (1, 3, 0) as well as an extra pair of multiplets transforming 
like right-handed electrons. The massless fields O and T appear in possible grand 
unified models in which the (e.g. SU(5)) symmetry is broken by a Higgs field in 



- 40 - 



the adjoint [(2.8)html:jA href=" preference. 58" £58(2. 8)html:j/A^]. This requires an 
original string model with higher Kac-Moody level. Thus, using for simplicity only 
the overall modulus T, one finds adequate values for sin 2 6w and 013, using only the 
most common overall modular weights —1, —2. One possible solution is found for 
ReT = 7.0 and generation-independent modular weights 

nn = n L = n E = n-jT = -1, 

(4.9) 

nu = n D = n H = -2 

with the modular weights of the extra particles (O + T + E + E) equal to 
— 1. The same happens with model j, which was considered in ref.[(2.8)html:jA 
href=" preference. 57"^57(2.8)html:i/A^]. This includes extra fields transforming like 
conjugate pairs Q + Q + D + D, which may be available at Kac-Moody level one. 
For example, one can find good agreement with experiment for ReT = 9.0 and flavor- 
independent modular weights 

n v = n D = n E = -1, 

(4.10) 

n Q = n L = n H = n-jY = -2 

with the modular weights of the extra (Q + Q + D + D) fields equal to —1. Many other 
solutions giving up flavor-independence and considering the three complex moduli 
exist for both models. The important point is that in either case, one does not 
need to have massless fields with modular weight < —3 to obtain good agreement. 
Although we have not done a complete scan for all orbifolds, this seems to imply 
that, unlike what happens with the minimal model, one can have various Zjv models 
with correct sin 2 6w and CI3 results at the price of adding some particular extra 
massless fields. In addition, isotropic x Zm orbifolds, described by an overall 
modulus T, should also be allowed. This is a different approach to that in [(2.8)html:jA 
href=" preference. 57"^57(2.8)html:j/A < i,] where two extra mass scales are introduced 
in order to get good agreement for the model j. In the present approach no extra 
mass scales are needed and the string threshold effects render the results consistent 
with experiment. 
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(2.8)html:;A name="section.5"£5.(2.8)html:j/A£ Constraints on SUSY- 
breaking soft terms from duality invariant actions. 

We will now turn to a different type of application of the target-space duality 
symmetries in 4-D orbifold strings. It is well known that in low-energy supergrav- 
ity theories [(2.8)html:jA href=" preference. 59" ^59(2. 8)html:j/A^], if supersymmetry 
breaking occurs in a hidden sector of the theory, soft-susy breaking terms are gener- 
ated in the non-singlet observable sector. Since the effective low energy Lagrangian 
from strings is an N = 1 supergravity theory, the same type of soft susy-breaking 
terms will be generated in this case. The possible soft terms will include i) gaug- 
ino Majorana masses M a , ii) soft scalar mass terms of the type m^</> a </>* for each of 
the scalars in the theory, and iii) soft scalar couplings proportional to each of the 
superpotential terms. In principle there are as many different soft terms as indepen- 
dent particles and/or couplings present. Simplifying assumptions reduce the number 
of independent soft terms by imposing some hypothetical symmetry which might be 
present at the GUT/Planck scale. The presence of these soft terms reflects itself into 
the SUSY-particle mass spectrum at low energies. If the idea of low-energy super- 
symmetry is correct, the latter should be amenable to experimental tests in future 
accelerators. It would thus be very important to find constraints on the pattern of 
SUSY-breaking soft terms in effective low-energy Lagrangians from strings. 

This might look hopeless, since we know that in string theory supersymmetry 
breaking necessarily has to be a non-perturbative phenomenon and we are far from a 
non-perturbative understanding of string theory. This view is, however, unnecessarily 
pessimistic. One does not need to understand all the details of a symmetry-breaking 
process in order to obtain important physical information. The most obvious example 
of this is the standard model itself: we do not know how the symmetry breaking 
process SU(2) L x U(l)y — > U(l) em takes place yet; that does not stop us from 
computing all the extremely successful predictions of the standard model. Simply 
assuming that there is a certain doublet scalar field (fundamental or composite), 
which gets a vev v ^ 0, is enough to obtain most of the relevant information in the 
standard model, we do not need to know how or why it happens so. In the same way 
one might hope to get some physical information about the susy-breaking soft terms 
without knowing all the non-perturbative dynamics from which they originate. In 



- 42 - 



particular, as we now describe, one can get some interesting information about those 
terms in effective low-energy theories from orbifold-like 4-dimensional strings. 

Most supersymmetry-breaking scenarios discussed up to now [(2.8)html:jA 
href="#reference.60"i60(2.8)html:i/A^,(2.8)html:iAhref="#reference.61"i61(2.8)html:i/Ai,(2.8)htm 
href="#reference.8"i8(2.8)html:i/Ai,(2.8)html:iAhref="#reference.9"i9(2.8)html:i/A^,(2.8)html:iA 
href="#reference.62"i62(2.8)html:i/Ai,(2.8)html:iAhref="#reference.l0"il0(2.8)html:i/Ai,(2.8)htm 
href=" preference. 52"^52(2.8)html:j/A^] in the context of strings assume that the 
"seed" for SUSY-breaking is provided by the auxiliary fields of the dilaton S and the 
moduli Ti. On the other hand, as we have discussed in the previous sections, the 
matter field kinetic terms depend on the moduli Ti in a way parametrized by the 
modular weights. As we will now discuss, this fact makes the soft SUSY-breaking 
terms depend in a known way on the modular weights and allow us to draw some 
constraints on them. 

(2.8)html:jA name=" subsection. 5.1" $5. 1.(2. 8)html:i/A$ Gaugino masses 

Let us consider a (0, 2) type of 4-D string based on an Abelian Zn or Zn x Zm 
as the ones discussed in prev sections. We want to address now the question 
of the soft gaugino masses M a in this type of theories. The value of those 
masses is given in a general N = 1 supergravity Lagrangian by [(2.8)html:jA 
href="#reference.21"i21(2.8)html:j/Ai] 



/" is the derivative of the gauge kinetic function f a with respect to the field Q , K af3 
is the inverse Kahler metric and G a = dG/d(p a is the auxiliary field of <f> a , where 
G(0 a ,0 Q ) = K{(j) a ,4> a ) + loglW^)! 2 is the N = 1 Kahler function. The sum runs 
over all massless chiral fields and a labels each gauge group factor. In principle the f- 
function could also depend on the charged matter fields but the presence of those fields 
in / is severely constrained by gauge invariance. Thus we will discuss only the S-field 
and gauge singlet moduli dependence of the gauge kinetic function. Furthermore, as 
discussed in the previous section, one expects for orbifolds the ^-dependent piece to 




(5.1) 



a 
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be the leading one-loop contribution to / due to the exponential large-T behaviour 
of the r\ functions. Thus the gauge kinetic function has the general form 

f a (S, Mi) = k a S + -La(M0. (5.2) 

Here, A(M$) is the one-loop threshold contribution from the massive string excitations 
given in terms of automorphic functions of the corresponding duality group V. The 
moduli dependence of the holomorphic gauge kinetic function was already noted in 
[(2.8)html:jA href=" preference. 63" ^63(2. 8)html:j/A/J in the context of truncating the 
ten-dimensional effective Lagrangian of the heterotic string. Then the gaugino masses 
take the form 

M„ = UK-^ + K-^) + I ^L^i)^-i_ G _ + ^-i_ G _ ). (5.3) 



Here we have allowed for a mixing between the S'-fields and the moduli in 
kinetic energy which is expected to occur beyond the tree-level [(2.8)html:jA 
href="#reference.63"^63(2.8)html:i/A^,(2.8)html:iAhref="#reference.l4'^14(2.8)html:i/A^] 
It is important to realize that the above expression for the gaugino masses is not tar- 
get space duality-invariant since 9A q^^ transforms inhomogeneously under duality 
transformations. Duality invariance is restored when one also includes the moduli 
dependent one-loop contribution of the massless fields to the effective Yang-Mills La- 
grangian. This is just a SUSY counterpart of the non-holomorphic contribution to 
the gauge kinetic terms discussed in section 3. Specifically, the non-local Lagrangian 
eq.(3.1) together with the threshold corrections leads to the following expression for 
the gaugino masses valid in general compactification schemes: 

M a = k a (K-lG« + K-l 7 G J ,) 



1 f dA a (M z ) ^ dK(M t ,M t ) 

+ is? {-w — 2 [c{Ga) - \ T{R ^ dMi (54) 

„ dlogdetK™% tter (M i ,M i )\ 

o 1 / 



Now let us compute above expressions for orbifold compactifications. The holo- 
morphic gauge kinetic function is determined by the threshold corrections eq.(4.1) 
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and has the form [(2.8)html:jA href="#reference.8"^8(2.8)html:i/A^],[(2.8)html:jA 
href^''#reference.6''i6(2.8)h^ 

(by the same reasons as in the previous chapter we neglect the U m dependence of the 
threshold corrections in the following): 

1 3 

f a (S, Ti) =k a S-^ J2( b '« ~ k ^os) logv(T t )\ (5.5) 

i=l 

Then one finds for the gaugino masses 

M a = f!(K~±Gs + K si G T, ) + fa ( K t!s G S + K ~ T }f 3 ^ ) = 

= k a (K~±G-g + K~l G Ti ) + J^(< - k a 6hs)G2(T i )(K- 1 -Gs + K~\ G^), 

(5.6) 

where G 2 (T) = —4n dv d ^ /r](T) is the holomorphic Eisenstein function. Again we 
notice that the above expression is not modular invariant since the function G 2 {T) 
transforms in an "anomalous way" under modular transformations: G 2 (T) — > (icT + 
d) 2 G 2 (T) — 2nic(icT+d). The gaugino mass is made modular invariant by the further 
contribution from the massless fields of the theory, which is proportional to 2b'^ /{T i J r 
Tj). This induces a replacement of b' l a G 2 (Ti) in eq.(5.6) by the modified weight two 
(non-holomorphic) Eisenstein function b' l a G 2 (Ti) which transforms as G 2 — > G 2 (icTi + 
d) 2 and admits an expansion 

M) = Ca(3l) - _^ K £ - _^ - 8^e— ■ - .... (5.7) 

We do not know the physical wew's of the relevant fields S, T i: nor the auxiliary 
fields which break supersymmetry G-g, £n= nor the higher-loop expressions for the 
inverse Kahler metrics. However our ignorance can be parametrized in terms of some 
unknown parameters and eq.(5.6) can be rewritten: 

3 

M a = M°(5,T0 k a + h 'a M'\S,TJ. (5.8) 

i=i 

Here M° is a gauge group independent parameter and all the group dependence is 
included in the second term. If we have m independent gauge groups a = l,2..,m, 
one can eliminate the universal piece by taking linear combinations 

m m 

E y. t- • E v. = «. w 

a=l a a 
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where the V a are appropriately chosen constants. If the number of gauge groups is 
bigger than the number of free parameters, one will get constraints amongst the m 
physical gaugino masses. 

All gaugino masses will be equal (modulo the corresponding Kac-Moody level) 
for the Z 3 and Z7 orbifolds with three completely rotated complex planes. Also, if a 
large gauge group unifies the m different gauge groups, all the b n a s will be equal and 
again we will have universal boundary conditions for gaugino masses. This is the case, 
for instance, of an SU (5) symmetry unifying the three interactions of the standard 
model and it is the usual assumption that is taken in the minimal supersymmetric 
standard model, i.e. universal gaugino masses. 

In a more general case, there will be four unknown parameters M°, M' 1 , M /2 , M /3 , 
which will generically lead to non-universal gaugino masses for any non-unified string 
model. In certain situations one expects a reduction to two in the number of free 
parameters. Indeed, if any of the following three possibilities is realized, only two 
parameters, M and M', will be relevant (see also the discussion about these three 
cases concerning the unification of the coupling constants in section 4): 

(i) If the particular orbifold considered has just one plane that is left (for some par- 
ticular twist) unrotated. If the relevant plane is the i th one, only M' 1 will be non- 
vanishing. 

(ii) If the supersymmetry-breaking dynamics are such that the modulus of a particular 
complex plane plays a leading role (i.e. |GVJ \Gt 2 \, \Gt 3 \), then only one of the 
M' l s will be relevant. This normally corresponds to Ti >> T 2 ,T 3 . 

(iii) If we concentrate on the diagonal modulus one has, T = Ti = T 2 = T 3 and hence 

12 3 

one expects M' = M' = M' = M' . This is equivalent assuming an approximate 
symmetry among the three complex planes leading to Gt x = Gt 2 = Gt 3 for the 
auxiliary fields. In fact this is an assumption that is often made in the supersymmetry- 
breaking scenarios discussed up to now. 

In these three cases, the number of free parameters will be two, M and M' : and 
hence we will get constraints on the soft gaugino masses as long as the number of 
group factors is larger than two. Physically the most interesting non-trivial case is 
that of three gauge group factors, which includes the standard model and some of its 
more interesting extensions: 5*7(4) x SU(2) L x SU(2) R , 5*7(4) x SU(2) L x U(1) R , 
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and SU(3) C x SU(3)l x SU(3)r. Let us first discuss the case of the standard model 
group. One can take two different linear combinations of gaugino masses as in eq.(5.9), 
for example, one with Va = (ki, &2, —k\ — fo) and the other with Vb = (&2, —^2, 0), 
where k a are the Kac-Moody levels of the standard model group (the reasons for this 
choice will become clear below). Let us call these linear combinations Mb and Ma 
respectively. Taking the ratio of the two, one finds: 

^ = Mi + M 2 - fe±MM 3 = EL B" M" 
M A Mi - M 2 £? =1 A'* M' 1 

where A /l and B' % are the linear combinations of b's discussed in section 3 and the 
sum runs over the three orbifold complex planes. This is why we took the particular 
linear combinations Ma and Mb, since in this way we can connect the gaugino masses 
to the threshold corrections discussed in section 4. One can also rewrite the above 
equation as 

M 1 (1- 7M ^) + M 2 (1 + 7 m) - h±tl M 3 = 0. (5.11) 

Consider first cases (i) and (iii) discussed above, in which only one M' variable 
is relevant; the explicit Tj dependence of 7m drops and one can write 

lM = iii=l _ = £1 = 7 (5.12) 

where 7 was defined in section 3. Thus in that class of models one has 7m = 7 and 
one can obtain specific constraints amongst gaugino masses if one has a knowledge of 
the ^'-coefficients, i.e. if one knows the massless spectrum and the modular weights 
of the massless particles. 

There are several cases in which 7m can be easily computed without a detailed 
knowledge of each string model: 

1) There are large classes of models in which one has b' a = b a . This is the 
case of Z 2 x Z 2 symmetric (0, 2) orbifolds, which can also be constructed (at their 
multicritical Tj values) in terms of the free-fermion method. This will also be the case 
of models with all the physically relevant particles either in the untwisted sector or in 
twisted sectors with one unrotated plane and no oscillator contribution. In all these 
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cases the overall modular weights of the particles is —1 and hence b' a = b a . In these 
cases one has 

1m = 1 = ^7 = 7 . ( 5 - 13 ) 

and one can compute 7m if one just knows the massless SU(3) x SU(2) x U(l) 
spectrum of the theory. For example, we discussed in the previous chapter how 
one can enlarge the particle content of the minimal SUSY-model by adding extra 
multiplets in order to get the correct measured values for sin 2 9w and as- Since the 
/3-functions for all these possibilities are known, one can compute for each of them 
7m = 7 = B/A. The values of B/A for some extended models of this type may be 
found in the last column of table 4. They vary in a range 3 ~ 6. For example, if one 
considers a level one model with 3/5 fci = /c2 = ks = 1, the last possibility (model j) 
[(2.8)html:jA href="#reference.57"i57(2.8)html:j/A^]) with 7m = 5 would give rise 
to the constraint among gaugino masses 

2Mi - 6M 2 + = . (5.14) 

Notice that the relevant spectrum in computing the 6's is the one present just below the 
Planck scale. Whether some of the massless particles at that level get an intermediate 
mass or not does not modify the T-dependence of the /-function and hence does not 
affect the string boundary conditions. 

2) In other classes of models one can get information on 7 (and hence on 7m) 
by imposing that the string threshold corrections adequately explain the discrep- 
ancy between the naive string result for sin 2 Oyy and and the experimental results 
[(2.8)html:jA href="#reference.20"^20(2.8)html:j/A^]. This was discussed in detail 
in the previous section. We saw that, if we restrict ourselves to one modulus, we 
need to have 2.7 < 7 < 3.7 for the minimal string unification scenario. Furthermore, 
one has 7 = 25/7 if one wants the three couplings to join at a scale ~ 10 16 GeV 
[(2.8)html:jA href="#reference.20"^20(2.8)html:j/A^]. Thus in this case one would 
get a constraint 

4 

Mi - 4 M 2 + - M 3 = . (5.15) 

Let us now discuss the case (ii) in which the number of relevant free parameters 
reduces to two. Then, instead of eq.(5.12), one has 7m = -frr = 7- If in this case one 
also insists in explaining the needed corrections to sin 2 Ow and «3 purely in terms of 
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string threshold corrections one will again have 2.7 < 7 = B\jA\ < 3.7, and 7m will 
also be restricted by those limits. 

The advantage of the situations discussed above is that we do not need to know 
details about the specific string model nor the supersymmetry-breaking mechanism to 
get interesting physical constraints. Notice that there is a possible limiting situation 
in which M° = 0. In this case we would be left with a unique free parameter M' and 
one has 

Mi M 2 M 3 

K = * = W (5J6) 

This situation is not in general expected. For example, in ref. [(2.8)html:jA 
href=" preference. 10" ^10(2. 8)html:j/A^] it was found that for a typical modular in- 
variant non-perturbative potential the minima must have Gs 7^ for the potential to 
be stable. 

All the above discussion can be straightforwardly generalized to the other ex- 
tended gauge models with three gauge factors. Consider one such extended model 
with three gauge groups labelled by an index a = 1, 2, 3 in such a way that the three 
U(l) x SU(2) x SU(3) generators (a = 1, 2,3) can be written as 

3 

a=l 

The relationship between the Kac-Moody levels is given by k a = J2 a c aa &a- Define 
two linear combinations of gaugino masses, Ma and Mb, by taking 

3 3 

a=l a=l 

where Va = {k\, k 2 , —ki — k 2 ) for Ma and Vb = (k 2 , —k 2 , 0) for M B . Then one finds 

7M = g - M, = AU = ' (5 ' 19) 

where one defines 

a=l a a=l a 
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We see in the above formulae that the value of 7m is determined by the value of 
the 6^-coefficients of the extended theory which is valid at the string scale. One can 
then use eq.(5.11) and the relationship between the Kac-Moody levels of the standard 
model and those of the extended theory to derive the relevant constraint. The result 
is independent of the scale in which the extended symmetry is broken down to the 
standard model. For example, in the case of SU(4) x SU(2)l x SU(2) r one gets 
A'ext = b' R + b' L -(k R + k L )/k 4 b\ and B' ext = (k R + 2/3k 4 )/k L b' L - b' R -2/3 b\. 
These are also the coefficients that are relevant for the threshold corrections to the 
computations of a 3 and sin 2 9w for this particular extended gauge model. 

Let us finally comment that all the above gaugino mass relationships apply at 
the string scale. In order to make contact with the low-energy physical quantities 
one has to take into account two facts. First, one has to redefine the Planck mass 
gaugino fields in order to reabsorve the non-minimal kinetic terms (proportional to 
f a (M string))- Second, one has to run down the gaugino masses according to the renor- 
malization group equations. In fact it is well known that gaugino masses are renor- 
malized [(2.8)html:jA href=" preference. 64" ^64(2. 8)html:j/A^] in exactly the same 
way as the corresponding coupling constant and the ratio M a (/j,) /a a (fi) is renor- 
malization group invariant. The net effect of these two points is the replacement 
M a (M string ) — > M a (M w ) / a a (M w ) in eq.(5.11). In this way the corresponding low- 
energy constraint is obtained. 

(2.8)html:jA name=" subsection. 5.2" $5. 2.(2. 8)html:j/A$ Scalar masses 

It is also useful to display the explicit dependence of the soft SUSY-breaking 
scalar masses on the modular weights. The scalar potential in the effective low-energy 
supergravity action has the form [(2.8)html:jA href=" preference. 21" l2\{2. 8)html:j/A^] 




(5.21) 



where K is the total Kahler potential and sum runs over all charged massless chiral 
fields 4> a (we neglect here D-terms which are irrelevant in the present analysis). One 
may describe the relevant non-perturbative effects that break supersymmetry through 
the introduction of a non-vanishing (non-perturbative) superpotential for the moduli 
fields of the string, W (S,Ti) [(2.8)html:jA href="#reference.60"i60(2.8)html:i/Ai,(2.8)html:jA 
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href=" preference. 8" ^8(2. 8)html:j/A^]. This seems reasonable since supersymme- 
try breaking needs to be a field-theoretical phenomenon occurring well below 
the string scale if it is going to be of any use in solving the hierarchy prob- 
lem. One usually assumes also that supersymmetry breaking takes place in a 
"hidden sector" of the theory which communicates with the "observable world" 
only gravitationally. It is this "hidden sector" which will generate the non- 
perturbative superpotential Wq and generate supersymmetry-breaking. This is pre- 
cisely the situation in the gaugino condensation mechanism abundantly discussed 
in the literature [(2.8)html:jA href="#reference.60"^60(2.8)html:j/A^2.8)html:jA 
href="#reference.61"i61(2.8)html:i/A^,(2.8)html:iAhref="#reference.8"i8(2.8)html:i/Ai,(2.8)html:i. 
href="#reference.9"i9(2.8)html:i/Ai,(2.8)html:iAhref="#reference.62"i62(2.8)html:i/Ai,(2.8)html:i. 
href="#reference.l0"^10(2.8)html:i/A^,(2.8)html:iAhref="#reference.52"^52(2.8)html:i/A^,]. 
We will however simply assume that supersymmetry breaking occurs somehow giv- 
ing rise to non-vanishing vacuum expectation values for the auxiliary fields of the 
marginal-operator fields S, Ti. 

Let us consider the scalar potential for orbifold compactifications. One can ex- 
pand the scalar potential V around the classical values [(2.8)html:jA href=" preference. 10" ^10(2. 8)html: 
of the matter fields A a = 0: 

V = V (S, S,Ti,Ti) + ^2v la (S,S t T it Ti) A a A a + .... (5.22) 

Of 

Writing K = - \og{S + S) + K^T^) + K matter (T i ,T i )A a 'A a , see eq.(2.23), one 
finds 

e K ° { 

Vo = (s+^)V S + s)2]DsWo12 + T, k w<t} Dt W - 3|Wo1 

p K ^matter [ _ 3 

V la = - (S + S) 2 \D s W \ 2 + J2Ktt I^W | 2 x (5.23) 



^matter ^matter ^matter 



OTiTi 



-2|W 



2 



With the explicit form of matter in terms of the modular weights n l a one can easily 
check that the quantity in brackets in V\ a is equal to 1 + n l a . Rescaling the matter 
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fields in order to get properly normalized particles, one finally gets a general expression 
for the soft scalar masses of the form 

3 

ml = m&S^Ti) + nim'^S^Ti). (5.24) 

i=i 

The first term in the right-hand side is universal (i.e. does not depend on the particular 
matter field A a considered) and one can easily check that 

m l = m 3/2 + Vo, (5-25) 

where m^ 2 = exp I 1 2 is the gravitino mass squared and Vq is essentially the 
cosmological constant. The second term in eq.(5.24) depends on the modular weight 
n l a of the field A a along each of the three complex planes and is in general not uni- 
versal. In eq.(5.24) m' 2 is positive-definite, whereas m 2 , is not, since Vo may be nega- 
tive. Indeed, for simple examples of Wo, the absolute minimum of the scalar poten- 
tial leads to V < [(2.8)html:jA href="#reference.8"^8(2.8)html:j/A^2.8)html:jA 
href=" preference. 10"^10(2.8)html:j/A^]. One can, on the other hand, find examples 
[(2.8)html:jA href="#reference.lO"^10(2.8)html:j/A^] in which V = and hence 
rriQ = my 2 . The mass 2 of matter fields may in general be negative (and hence the 
potential unstable) unless certain conditions are fullfilled (eq. 4.11 in ref.[(2.8)html:jA 
href=" preference. 10" ^10(2. 8)html:j/A^]). We assume here that those conditions are 
fullfilled or, more generally, that the minimum of the potential is stable. Equation 
(5.24) shows that, contrary to the standard assumptions in the minimal low-energy su- 
persymmetric models [(2.8)html:jA href=" preference. 59" < i,59(2.8)html:j/A < i,], the soft 
scalar masses are not universal but depend on the modular weights of the particles. 
In particular, fields with higher (negative) modular weight have smaller soft masses 
than those with smaller weight. Since generically the modular weights of each in- 
dividual physical field are unknown, it is not easy to obtain definite constraints on 
scalar masses in a model-independent way. If one considers the simplified case of a 
single modulus, e.g. the diagonal modulus T = T\ = T 2 = T 3 , one can, as we did 
with the gaugino case, form ratios of scalar masses combinations in which the explicit 
dependence on the unknown rag, m' 2 parameters drops. Thus, e.g. consider the three 
it-like squarks u, c, t. In the above scheme one would get 



where the n's are the overall modular weights of each particle. We know from the 
absence of flavor-changing neutral currents in kaon decays that m~ and m~ must be 
almost degenerate for the SUSY-GIM mechanism to work. This would suggest the 
construction of string models in which both fields have similar modular weights (or 
else SUSY-breaking mechanisms in which m' 2 <C Wq). Notice that (unlike the gaugino 
case) in the case of scalar masses the above non-universality effects may be present 
even if there is a unification symmetry like 577(5). 

In the absence of a knowledge of the modular weights of the physical quark and 
lepton fields, one can try to form combinations of scalar masses which could somehow 
be related to the particular combinations of modular weights included in the quantities 
A' and B' discussed in previous sections. Consider as an example the minimal particle 
content of the SUSY standard model and take the following two combinations of soft 
scalar masses 

(2mJ 2 - ml 2 - m% 2 ) =( 5 -8A + ±6B) m' 2 (S, T) 

3=gen. 

(3m^ 2 - 2m 9 v 2 + m 9 L 2 -m 9 D 2 - m% 2 ) = (5.27) 

S=gen. 

(1 S A -±6B-2- (n H + n w )) m' 2 (S, T) 

where 5 A = A — A', SB = B — B' . The sum runs over the three quark- lepton 
generations. Taking the ratio of the two equations one cancels the dependence on 
m' and gets a sum-rule in terms of SA,SB and the sum n# + n-jj. If we have some 
information about those quantities (e.g. from imposing that the string threshold 
corrections yield the correct result for sin 2 9w and 013) one can in principle check the 
consistency of the model by checking the corresponding sum rule. 

As in the gaugino case, all the above relationships apply at the string scale. From 
that scale down to low energies 0(M W ) the masses evolve according to the renormal- 
ization group equations [(2.8)html:jA href=" preference. 64" ^64(2. 8)html:j/A^]. If the 
particles have the same SU{2>) x SU(2) x U(l) quantum numbers equations like (5.26) 
directly apply at low energies (up to Yukawa couplings). 
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(2.8)html:;A name="section.6"^6.(2.8)html:;/A^ Final comments and con- 
clusions 

In this paper we have analysed several implications of the duality invariance of 
4-D orbifold strings. One of the merits of our argumentation is that it allows us 
to discard large classes of models without needing to work in a (hopeless) model- 
by-model basis. An important point is the necessary cancellation of target-space 
one-loop modular anomalies. We have shown how, in analogy with the ordinary ABJ 
anomalies, such a cancellation strongly constrains the massless fermion content of the 
theory. This allows us to prove how certain massless fermion contents are incompatible 
with cancellation of duality anomalies for certain orbifolds. This is the case of generic 
(0,2) Z3 and Z7 orbifolds for which duality anomaly cancellation forbids the existence 
of models whose massless charged sector with respect to SU(3) x 577(2) x £7(1) is 
that of the minimal supersymmetric standard model. Such constraints do also exist 
for other gauge groups and particle contents. 

For other Z n orbifolds the target-space modular anomaly cancellation conditions 
are less restrictive. If those conditions are combined with the additional requirement 
of getting adequate gauge coupling unification results for sin 2 9w and a 3 , the above 
minimal string scenario is ruled out for all Zn orbifolds except Zq and Z§. A consistent 
unification scenario with the massless content of the minimal supersymmetric standard 
model is also possible for Zjv x Zm- Alternatively, one can modify the massless particle 
content of the minimal supersymmetric standard model and add additional vector-like 
fields; in this case the constraints often become weaker, as discussed at the end of 
section 4. Further alternatives include the construction of higher Kac-Moody level 
models or intermediate scale symmetry breaking through flat (or quasi-flat) directions. 

Whichever (if any) of these possibilities is actually realized, we think it fair to say 
that the simplest possibility of direct string unification of the minimal supersymmetric 
standard model does not appear to be an immediate possibility in 4-D (0,2) orbifold 
strings. Extra massless particles and/or intermediate scales and/or distorted orbifold 
shape and/or higher Kac-Moody levels seem to be required. 

Another topic discussed in the paper is the soft SUSY-breaking terms present in 
the low-energy effective Lagrangian once supersymmetry is broken. Assuming that 
the auxiliary fields of the dilaton 5 and moduli T; are the seed of supersymmetry 
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breaking one can obtain the explicit dependence of the soft gaugino and scalar masses 
on the modular weights of the massless chiral fields. This explicitly shows that in 
generic string models the soft scalar masses are not universal but depend on the 
modular weight of the particle. Similarly, one sees that (in non-unified models) the 
soft gaugino masses are gauge group dependent. The departure from universality 
of gaugino masses may be related in specific models to the gauge coupling constant 
threshold effects. In some cases specific mass relationships are found. 

Most of the above topics were discussed in the context of 4-D (0,2) orbifolds. 
Some general features (see beginning of sections 2 and 3) are expected to hold 
in other classes of 4-D strings. It is known that non-orbifold 4-D strings do also 
have infinite discrete duality symmetries physically rather similar (but mathemat- 
ically different) to the modular group of toroidal compactifications [(2.8)html:jA 
href=" preference. 26"^,26(2.8)html:j/A^]. It is difficult to say which of the proper- 
ties present in the toroidal compactifications will still be present in more general (0,2) 
non-flat compactifications. It is conceivable that at least some of the latter models 
may also have "universal" moduli (analogous to the "completely rotated" moduli of 
orbifolds) whose generalized duality anomalies may only be cancelled by a Green- 
Schwarz mechanism. The cancellation of duality anomalies with respect to such type 
of moduli would give rise to constraints similar to those in eqs.(3.10) and (3.17). One 
also expects the existence of other moduli explicitly contributing to gauge threshold 
effects if there are string massive modes whose mass depends on such moduli. The 
relevant threshold effects will involve generalized automorphic forms [(2.8)html:jA 
href=" preference. 43" ^43(2. 8)html:j/A^] (appropriate generalizations of the Dedekind 
function to non-toroidal strings). If this was the case most of our discussion could be 
generalized to these compactifications. Relationships amongst gaugino masses similar 
to the ones discussed in section 5 would also be expected. 

We acknowledge usefull discussions with A. Casas, W. Lerche, J. Louis, C. Muhoz 
and F. Quevedo. 
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Appendix (2.8)html:jA name="appendix.A"^A.(2.8)html:;/A^ A Z 7 ex- 
ample 

As a first example we consider now the computation of the a-model anom- 
alies in the (2,2) Z 7 orbifold. We take this example because it explicitly shows 
the generic appearance of multiple oscillator states (and hence of high nega- 
tive modular weights) in Abelian orbifolds. The (2,2) Z 7 orbifold [(2.8)html:jA 
href="#reference.l2"il2(2.8)html:i/Ai],[(2.8)html:iAhref="#reference.47"i47(2.8)html:i/Ai] 
has as gauge group E G x U(l) 2 x E 8 , and the massless charged chiral fields are the 
following. The fields in the untwisted sector transform as 3(27 + 1). There are three 
independent twisted sectors of order 9, 9 2 and 9 4 , where 9 denotes the order seven 
elementary twist (the twisted sectors 6> 6 , 6> 5 and 9 3 contain the corresponding antipar- 
ticles). Each one of these three sectors contains seven copies of 27's (corresponding to 
the seven fixed points of the orbifold) . In addition there are twisted oscillator states 
which are singlets under Eq x Eg. For example, in the 9 sector one finds states with 
the following oscillator number N and creation operators a 1 , a? : 

N = 1/7 -> a 1 

N = 2/7 -> a 2 , (a 1 ) 2 (A.l) 
N = 4/7 -> a 3 , (a 2 ) 2 , (a 3 )^ 1 ) , (a 2 )^ 1 ) 2 , (a 1 ) 4 

where the superindex of the oscillators denotes the relevant complex plane in which 
the oscillator is acting. Similar oscillators exist in the other 9 2 and 6> 4 sectors with the 
oscillator superindices permuted. With the above information, one can easily check 
that, since all the three planes in the Z 7 orbifold are completely rotated, one has 

b'k = «k = YA (A ' 2) 

Let us check this result for the overall modulus and leave the plane-by-plane case as 
an exercise for the reader. For the E$ group the result is, of course, b' e 8 = — 3 x 30 = 
—90. For Eq we only need to know that the three untwisted 27's have modular 
weight —1 and that the twisted ones have modular weights —2. Thus one again gets 
b' E& = -3x12 + 3x3-21x3 = -90. The same can be checked for the U(l) 2 . 
The case of the gravitational anomalies is trickier. In this case all singlet chiral fields 
contribute. In particular, the structure of modular weights for the above oscillators 
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plays an important role. The field with oscillator number N = 1/7 has modular 
weight —3, the two fields with N = 2/7 have modular weights —3,-4 and the five 
states with N = 4/7 have modular weights —3, —4, —2, —5, —6 respectively. On the 
other hand the dimension of the gauge group is dim G = 328 and the contribution of 
the "modulinos" to the gravitational anomaly is 8m = —3, since there are only three 
untwisted moduli. Then the complete anomaly is with eq.(3.18): 

fr'grav = 63 + 3 - 3 - 984 

+ 3 x (27 + 1) - 3 x 7 x 27 

- 3x7x (3 + 3 + 5 + 3 + 5 + 1 + 7 + 9) 

where the second line gives the untwisted and twisted matter contributions and the 
third line that of oscillator states. The reader can check that the total anomaly yields 
—2160 = —24 x 90, as it should. One may get the wrong impression that multiple 
oscillator massless states appear only for gauge singlet particles. This is in fact true 
for (2,2) orbifolds (other than Z 3 , Z 4 , Z' 6 ) but it certainly is not true for generic (0,2) 
models. An easy example of this may be obtained by examining a (0,2) Z7 orbifold 
studied in ref.[(2.8)html:jA href="#reference.50"^50(2.8)html:j/A^]. It is obtained 
by acting on one of the Egs with the shift 5 = 1, 2, —2, —2, 0, 0, 0) instead of the 
(2,2) shift. The gauge group of the model is SU(7) x SU(2) x U(l) x E 8 and, for 
example, one can check that in the 2 twisted sector there are 7-plets of SU(7) with 
double oscillators and overall modular weight —4. We have also checked that in this 
(0,2) Z 7 orbifold one has b' 7 = b' 2 = b[ = b' 8 = 6g rav /24 = —90 and hence the mixed 
duality anomalies are all cancelled by a Green-Schwarz mechanism. 

Appendix (2.8)html:;A name="appendix.B"£B.(2.8)html:j/A£ A Z4 ex- 
ample 

As a second example for the computation of the anomaly coefficients and also 
for the determination of the unification masses we present a (0,2) Z 4 orbifold, which 
was constructed in ref.[(2.8)html:jA href=" preference. 44" ^44(2. 8)html:j/A^] (model 
No. 2 in table 2 of this article). The Z4 twist vector acting on the internal six-torus is 

— * 

given by 9 = (1/2, 1/4, 1/4). Furthermore the model is defined by the non-standard 
embedding of the twist into the gauge group Eg x E' 8 . Specifically, the embedding 
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is characterized by the following shift vector 5 = (1/2, 1/4, 1/4, 5 ; 1/2, 1/2, 6 ). This 
shift breaks the group Eg x E' 8 to the gauge group G = [E 6 x SU(2) 1 x U(l)] x [£7 x 
SU{2) 2 }'. 

Let us now list the transformation properties and the corresponding modular 
weight vectors of the matter fields (we will omit to list the U(l) quantum numbers). 
In the untwisted sector there are the following representations associated to the first 
complex plane: 

<t>u, = (27, 1; 1, 1) + (II, 1; 1, 1) + (1, 1; 56, 2). (B.l) 
The corresponding modular weight vector looks like 

n Vl = (-1,0,0). (B.2) 

Secondly, there are the following untwisted fields associated to the second and third 
complex plane: 

4>u 2 , 3 = (27, 2; 1,1) + (1,2; 1,1). (B.3) 
Here the corresponding modular weights are 

% 2 = (0,-1,0), = (0,0,-1). (B.4) 

— * 

In the first twisted sector with twist vector 9± = (1/2, 1/4, 1/4), there are the following 
states with no twisted oscillators: 

Tl =16(1, 2; 1,2). (B.5) 

The corresponding modular weight vectors are given as 

✓ 13 3. , . _ , 

n Tl = i-^—^— A )- (B.6) 

Furthermore, we find in this sector the states with a positive chirality oscillator with 
respect to either the second or the third complex plane (p2,3 = 1): 

Tl = 16(1, 1; 1, 2)^ =1 + 16(1, 1; 1,2)*» =1 . (B.7) 

Then the corresponding modular weight vectors have the form 
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In the second twisted sector with 6> 2 = (0, 1/2, 1/2) there are the following states with 
no oscillators: 

<Pt 2 = 10(27, 1; 1, 1) + 6(27, 1; 1, 1) + 16(1, 1; 1, 1). (B.9) 
These states have modular weights 

^ = (0,~,~). (B.10) 
In addition, this sector possesses states with positive chirality oscillators: 

<Pt 2 =6(1,2; l,ir =1 + 6(1, 2; 1,1)*» =1 . (B.ll) 
Here the modular weights are 

"T 1 = (°' ~\> = (°' ~\ -|)- (B.12) 

Finally there are 20 representations of this kind with negative chirality oscillators 
with respect to either the second or the third complex plane (52,3 = 1): 

0T 2 = 10(1, 2; 1, l)«=i + 10(1,2; 1, 1)^=1. (B.13) 
This implies the following set of modular weights: 

n q r 2 =1 = (°> ^r 1 = (0. \)' ( B - 14 ) 

Now, using eq.(3.6), we are ready to compute the anomaly coefficients for the 
four non-Abelian gauge group factors (C(E 6 ) = 12, C(E 7 ) = 18, C{SU{2)) = 2, 
T(27) = 3, T(56) = 6, T(2) = 1/2): 

6'^ = -12 + 3[2(-l) + 4(1) + 16(1)] = 42, 
b% = -12 + 3[2(-l) + 4(1) + 16(0)] = -6, 

b'luw, = -2 + |[56(1) + 32(0) + 32(1)] = 42, 

b%2 h = -2 + \[28(1) + 28(-l) + 32(-l) 

+ 6(-2) + 6(0) + 10(0) + 10(2)] = -6, (B.15) 
6'i 7 = -18 + 6[2(-l)] = -30, 
6'g = -18 + 6[2(l)] = -6, 

b'lui^ = -2 + ^[56(-l) + 32(0) + 32(0)] = -30, 

b' 2 si(2 h = -2 + |[56(1) + 32(-i) + 16(~) + 16(-|)] = -6. 
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For the gravitational anomaly eq.(3.16) we obtain the following coefficients {5 l M = 2, 
^ 3 = -2): 

&' grav = 22 + 2 - 218 + 166(-1) + 112(1) + 128(0) + 512(1) = 264, 
6'gf av = 22 - 2 - 218 + 166(1) + 56(1) + 56(-l) + 64(-^) 

+ 32(--) + 32(--) + 448(0) + 12(-2) + 12(0) + 20(2) + 20(0) = -144. 

(B.16) 

Since the second and third complex plane are both rotated by 9\ and $2, the anomaly 
coefficients with respect to these two planes agree: 6'^' 3 = &'g rav /24 = —6. 

The first plane provides a non- vanishing contribution to the threshold corrections. 
The relative unification masses Mx among the coupling constants of the four gauge 
group factors are given by 

My — , b 'l- b,1 a 

X - = [(T 1 +T 1 )\ V (T 1 )\ 4 ]^HJ. (B.17) 



-^"string 

The relevant /3-function coefficients are given as &e 6 = 30, &e 7 = —42, bsu(2) 1 
bsu(2) 2 = 54. Then we obtain the following unification masses Mx'- 

M x 

a = E 6 ,b = SU{2) 1 : 



-^string 



M x 

a = E 7 ,b = SU(2) 2 : = 1, 

-'"string 

a = E 6 ,b = E 7 : = [(Ti +T 1 )\rj(T 1 )\ A ]~ 1 ^ 2 > 1, (B.18) 

-'"string 

a = E 6 , b = SU(2) 2 : = [(Ti + T^T^f < 1, 

-'"string 

a = E 7 ,b = SU{2) X : = m +T 1 )\ V (T 1 )\ 4 ]- 3/8 > 1. 

-'"string 
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Table 1: List of all Abelian orbifolds with, in the second column, the corresponding twist 
vectors. The results for each case from the requirements of modular anomaly can- 
cellation and coupling constant unification assuming the spectrum of the minimal 
supersymmetric standard model (3/5fci = k<i = ks) are shown in colums 3-6. + 
stands for an allowed model, whereas — rules out the particular case. A model 
with viable minimal unification must have a + in the last column. 









Unification 


Unification 


Unification 


Orbifold 


(#1, 02, #3) 


Anom. cane. 


T = T 1= T 2 = T 3 


T = T 1 =T 2 = T 3 


T\ »T 2 ,T 3 








no anom. cane. 


plus anom. cane. 


plus anom. cane. 


z 3 


(1/3,1/3,1/3) 










z 4 


(1/2,1/4,1/4) 


+ 








z 6 


(1/2,1/3,1/6) 


+ 






+ 


% 


(2/3,1/6,1/6) 


+ 








z 7 


(4/7,2/7,1/7) 










z 8 


(1/2,1/8,3/8) 


+ 








z^ 


(1/4,1/8,5/8) 


+ 


+ 


+ 


+ 


Zl2 


(1/3,1/12,7/12) 


+ 


+ 






Z'l2 


(1/2,1/12,5/12) 


+ 


+ 
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Table 1: (continued) 



Orbifold 


# 2 , # 3 ) 


Anom. cane. 


Unification 
T = T 1 =T 2 =T 3 
no anom. cane. 


Unification 
T = T 1 =T 2 =T 3 
plus anom. cane. 


Unification 
Ti »T 2 ,T 3 
plus anom. cane. 


Z 2 x Z 2 


(1/2,1/2,0) 
(0,1/2,1/2) 


+ 






+ 


Z 2 x Z 4 


(1/2,1/2,0) 
(0,1/4,3/4) 


+ 






+ 


Z 2 x Z 6 


(1/2,1/2,0) 

\ / if > / 

(0,1/6,5/6) 


+ 


+ 


+ 


+ 


Z 2 x 71* 


(1/2,1/2,0) 
(1/6,2/3,1/6) 


+ 






+ 


Z 3 x Z 3 


(1/3,2/3,0) 
(0,1/3,2/3) 


+ 






+ 


Z 3 x Z 6 


(1/3,2/3,0) 
(0,1/6,5/6) 


+ 


+ 


+ 


+ 


Z 4 x Z 4 


(1/4,3/4,0) 
(0,1/4,3/4) 


+ 






+ 


Z 6 x Z 6 


(1/6,5/6,0) 
(0,1/6,5/6) 


+ 






+ 
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Table 2: Kac-Moody conformal dimension of the standard model particles. The two right- 
most columns give the value of the total conformal dimension for two choices of 
the levels consistent with GUT-like gauge coupling boundary conditions at the 
string scale. 





SU(3) 


SU(2) 


U(l) 


Total(3/5/ci = fc 2 = fc 3 = 1) 


Total(3/5/ci = k 2 = k 3 = 2) 


Q 


4 

9+3k 3 


3 

8+4fc 2 


1 

36fci 


3/5 


37/80 


u 


4 

9+3fc 3 





4 
9fei 


3/5 


2/5 


D 


4 

9+3k 3 





1 

9fei 


2/5 


3/10 


L, H 





3 

8+4fc 2 


1 

4fei 


2/5 


21/80 


E 








1 

fci 


3/5 


3/10 
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Table 3: Maximum allowed number of oscillators and allowed values of overall modulus 
modular weights for all possible twisted sectors of Abelian orbifolds. 



(K|, \v 2 \, H) 


Pmax 


<?max 


h K M = E M 2 / 2 


hxM = 3/5 (Q, t/, £?) 


hKM = 2/5 (L,i?,D) 


(0,0,0) 








n= -1 


n = -1 


n = -1 


(1/3,1/3,2/3) 


1 





-3 < n < -2 


n = -2 


n = -2 


(1/2,1/4,1/4) 


2 


1 


-4 < n < -1 


n = -2 


-3 < n < -2 


(1/3,1/6,1/6) 


4 


2 


-6 < n < 


n = -2 


-4 < n < -1 


(1/2,1/3,1/6) 


3 


1 


-5 < n < -1 


n = -2 


-3 < n < -2 


(3/7,2/7,1/7) 


4 


1 


-6 < n < -1 


n = -2 


-4 < n < -2 


(1/2,1/8,3/8) 


4 


1 


-6 < n < -1 


n = -2 


-4 < n < -2 


(1/4,1/8,3/8) 


5 


1 


-7 < n < -1 


-3 < n < -2 


-4 < n < -2 


(1/3,1/12,5/12) 


7 


1 


-9 < n < -1 


-3 < n < -2 


-5 < n < -2 


(1/2,1/12,5/12) 


6 


1 


-8 < n < -1 


-3 < n < -2 


-5 < n < -2 


(0,1/2,1/2) 


1 


1 


-2 < n < 


n = — 1 


n = — 1 


(0,1/3,1/3) 


2 


2 


-3 < n < 1 


n= -1 


-2 < n < 


(0,1/4,1/4) 


3 


3 


-4 < n < 2 


n = -1 


-2 < n < 


(0,1/6,1/6) 


5 


5 


-6 < n < 4 


-2 < n < 


-3 < n < 1 
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Table 4: Values of the weak mixing angle and a 3 in non-minimal models including extra 
massless chiral fields. The notation for each model is given in the text. The 
values of the parameters 7 and A, B are also given. 





MODEL 


sin 2 C 


«§ 


7° 


A 


B 


B/A 




Minimal 


0.218 


0.20 


2.7-3.7 


28/5 


20 


25/7 


a) 


O + T 


0.274 


0.056 


2.7-3.0 


18/5 


14 


35/9 


b) 


O +T + E + E 


0.24 


0.074 


7.8-9.8 


24/5 


16 


10/3 


c) 


O + T + 2(E + E) 


0.207 


0.109 


~ 


6 


18 


3 


d) 


O+T+H+H+E+E 


0.251 


0.109 


~ 


22/5 


18 


45/11 


e) 


D + D 


0.207 


0.109 


~ 


6 


18 


3 


f) 


U + U 


0.173 


0.205 


0.7-0.9 


36/5 


20 


25/9 


g) 


Q + Q 


0.296 


0.109 


~ 


14/5 


18 


45/7 


h) 


D + D + E + E 


0.205 


0.173 


1.1-1.6 


36/5 


20 


25/9 


i) 


U+U+Q+Q 


0.251 


0.109 


~ 


22/5 


18 


45/11 


j) 


D+D+Q+Q 


0.285 


0.075 


1.0-1.3 


16/5 


16 


5 
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